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Abstract. We extend the classical theory of isothermic surfaces in conformal 3-space,
due to Bour, Christo¤el, Darboux, Bianchi and others, to the more general context of sub-
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Introduction
Background. A surface in R3 is isothermic if, away from umbilics, it admits coordi-
nates which are simultaneously conformal and curvature line or, more invariantly, if it
admits a holomorphic quadratic di¤erential q which commutes with the (trace-free) second
fundamental form (then the coordinates are z ¼ xþ iy for which q ¼ dz2). Examples
include surfaces of revolution, cones and cylinders; quadrics and constant mean curvature
surfaces (where q is the Hopf di¤erential).
Starting with the work of Bour [9], §54, isothermic surfaces were the focus of intensive
study by the geometers of the late 19th and early 20th centuries with contributions from
Christo¤el, Cayley, Darboux, Demoulin, Bianchi, Calapso, Tzitze´ica and many others.
There has been a recent revival of interest in the topic thanks to Cies´lin´ski–Goldstein–
Sym [26] who pointed out the links with soliton theory: indeed, isothermic surfaces consti-
tute an integrable system with a particularly beautiful and intricate transformation theory,
some aspects of which we list below:
Conformal invariance. Since the trace-free second fundamental form is invariant (up
to scale) under conformal di¤eomorphisms of R3, such di¤eomorphisms preserve the class
of isothermic surfaces. Thus isothermic surfaces are more properly to be viewed as surfaces
in the conformal 3-sphere.
Deformations. At least locally, isothermic surfaces admit a 1-parameter deformation
preserving the conformal structure and trace-free second fundamental form: this is the
T-transformation of Bianchi [3] and Calapso [19]. In fact, isothermic surfaces are char-
acterised by the existence of such a deformation [23] (see [14], [17], [47] for modern
treatments).
Darboux transformations. According to Darboux [27], given an isothermic surface,
one may locally construct a 4-parameter family of new isothermic surfaces. Analytically,
this is accomplished by solving an integrable system of linear di¤erential equations; geo-
metrically, the two surfaces envelop a conformal Ribaucour sphere congruence1). These
1) That is, the two surfaces admit a common parametrisation under which both conformal structures
and curvature lines coincide and, through each pair of corresponding points, there is a 2-sphere tangent to both
surfaces.
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transformations, the Darboux transformations, are analogous to the Ba¨cklund transforma-
tions of constant curvature surfaces (indeed, specialise to the latter in certain circumstances
[40], [43]) and there is a Bianchi permutability theorem [2] relating iterated Darboux trans-
forms. There are additional permutability theorems relating T-transforms and Darboux
transforms [38] and also relating Darboux transforms with the Euclidean Christo¤el trans-
form [25] (see also [9]) via T-transforms [3].
Curved ﬂats. Curved ﬂats were introduced by Ferus–Pedit [30] and are an integrable
system deﬁned on submanifolds of a symmetric space G=H which, in non-degenerate cases,
coincides with the G=H-system of Terng [54]. In particular, the space S3  S3nD of pairs of
distinct points in S3 is a (pseudo-Riemannian) symmetric space for the diagonal action of
the conformal di¤eomorphism group and curved ﬂats in this space are the same as pairs of
isothermic surfaces related by a Darboux transformation [16].
Discrete theory. Bobenko–Pinkall [6] show that the combinatorics of iterated
Darboux transforms give rise to an integrable system on quad-graphs that is a convincing
discretisation of isothermic surfaces and shares with them all the classical transformation
properties listed above [8], [37], [39].
For more information on isothermic surfaces, we refer the Reader to Hertrich-
Jeromin’s encyclopedic monograph [38].
Manifesto. In this paper, we will show that the preceding theory continues to hold,
in almost every detail, when we replace the conformal 3-sphere by an arbitrary symmetric
R-space. There are a number of approaches to symmetric R-spaces [53]: they comprise
Hermitian symmetric spaces and their real forms; they are the compact Riemannian sym-
metric spaces which admit a Lie group of di¤eomorphisms strictly larger than their isome-
try group [48] and, basic for us, they are the conjugacy classes of parabolic subalgebras of a
real semisimple Lie algebra with abelian nilradicals. Examples include projective spaces
and Grassmannians (real, complex and quaternionic) and quadrics (thus conformal spheres
of arbitrary signature). The symmetric R-spaces G=P, for G simple, are enumerated in
Table 1 in the appendix.
To see how an isothermic submanifold could be deﬁned in this setting, let us begin
with the following manifestly conformally invariant reformulation of the isothermic condi-
tion. View the holomorphic quadratic di¤erential q of an isothermic surface f : S! S3 as
a T S-valued 1-form and thus, via df , as a f 1T S3-valued 1-form. Now contemplate the
group G of conformal di¤eomorphisms of S3, an open subgroup of Oð4; 1Þ and so semi-
simple, and its Lie algebra g. Since G acts transitively on S3, we have, for each x A S3,
an isomorphism TxS
3G g=px, where px is the inﬁnitesimal stabiliser of x, and so, via the
Killing form, an isomorphism T x S
3G p?x H g. Thus q may be identiﬁed with a certain
g-valued 1-form h. The key observation now is that q is a holomorphic quadratic di¤eren-
tial commuting with the second fundamental form of f if and only if h is a closed 1-form
[14].
The decisive property enjoyed by the conformal sphere is that each p?x is an abelian
subalgebra of g from which it quickly follows that each of the connections dþ th, t A R,
is ﬂat. This provides a zero-curvature formulation of isothermic surfaces from which the
whole theory may ultimately be deduced.
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However, the condition that an inﬁnitesimal stabiliser px has abelian Killing polar is
precisely that px is a parabolic subalgebra with abelian nilradical p
?
x . The map x 7! px then
identiﬁes S3 with a conjugacy class of such parabolic subalgebras.
It is now clear that this formulation of the isothermic condition makes sense for maps
into any symmetric R-space. For a semisimple Lie algebra g and conjugacy class N of
parabolic subalgebras p < g with abelian nilradicals, we may view T pN as an abelian
subalgebra p? < g and say that a map f : S! N is isothermic if there is an f 1T N-
valued 1-form h which is closed as an element of W1Sn g. We immediately get a pencil of
ﬂat connections dþ th and, as we will show, the theory of isothermic maps can be devel-
oped in complete analogy with the conformal theory sketched above.
Road-map. To orient the reader, we brieﬂy sketch the contents of the paper.
The ﬁrst two sections are preparatory in nature. We recall in §1 the basic deﬁnitions
and facts about parabolic subalgebras p of a real semisimple Lie algebra g. Particular
emphasis is given to the notion of parabolic subalgebras complementary to a given para-
bolic p. Then, in §2, we rehearse what we need of the theory of R-spaces and symmetric
R-spaces viewed as conjugacy classes of parabolics. In particular, we note that such spaces
have convenient charts generalising those given by stereoprojection on spheres. Comple-
mentary parabolic subalgebras arise in two di¤erent ways. Firstly, the set of parabolic sub-
algebras complementary to some element of a conjugacy class M is itself a conjugacy class
M  which we call the dual R-space. It may happen that M ¼ M  (conformal spheres are
an example) and then we say that M is self-dual. Another, non-self-dual, example of this
duality is given by the dual projective spaces of lines and hyperplanes in a vector space.
Secondly, the set ZHM M  of pair-wise complementary parabolic subalgebras is shown
to be a pseudo-Riemannian symmetric space (in fact, a para-Hermitian symmetric space as
studied by Kaneyuki [41], [42]). This symmetric space plays the role of S3  S3nD in the
conformal theory.
With these preliminaries out of the way, in §3 we deﬁne isothermic maps into symmet-
ric R-spaces and explore their transformation properties. Just as in the conformal case, we
can deﬁne T-transforms, Darboux transforms and Christo¤el transforms and prove some
permutability theorems. We also show how Christo¤el transforms are limits of Darboux
transforms: a result which may have some novelty even in the classical context.
Analogues of the classical Bianchi permutability theorem for Darboux transforms are
explored in §4. Here we must restrict attention to self-dual targets but, in that setting, ﬁnd
that the classical results carry through in every detail. An important role is played in this
analysis by a G-invariant family of circles in a self-dual symmetric R-space which share
many properties of circles in a conformal sphere: they are determined by three generic
points and carry an invariant projective structure (and thus a cross-ratio). We then ﬁnd that
four isothermic maps in the conﬁguration of the permutability theorem have corresponding
points concircular with prescribed constant cross-ratio (a theorem of Demoulin [29] in the
classical case). Our methods here seem to be more e‰cient than those known in the con-
formal case and yield a version of Bianchi’s cube theorem with almost no extra work. A
side-beneﬁt of our approach is an integrable theory of discrete isothermic nets in self-dual
symmetric R-spaces which we sketch in §4.5. The cube theorem in this context amounts to
3D consistency of our discrete integrable system in the sense of Bobenko–Suris [5].
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Curved ﬂats are considered in §5: a point-wise complementary pair of isothermic
maps deﬁnes a map f ¼ ð f ; f^ Þ : S! ZHM M  and, in strict analogy with the confor-
mal case [16], f is a curved ﬂat if and only if f and f^ are Darboux transforms of each
other. In addition, we consider the dressing transforms [11], [13] of curved ﬂats and prove
that, in the self-dual case, the four isothermic maps comprising a curved ﬂat and its dress-
ing transform are a Bianchi quadrilateral of isothermic maps related by Darboux trans-
forms. This last appears to be a new result even in the conformal case.
Finally, in §6, we show that the 1-form h deﬁnes a quadratic di¤erential on S and con-
sider the case where this is non-degenerate (in particular, such isothermic maps immerse).
We show that there is a sharp Lie-theoretic upper bound on the dimension of these non-
degenerate isothermic submanifolds and so, in particular, settle the existence question for
isothermic maps.
Isothermic submanifolds of maximal dimension in RPn turn out to be curves and we
contemplate the simplest case of isothermic curves in RP1. These are the same as paramet-
rised curves but, perhaps surprisingly, our theory still has something to o¤er: at the level of
curvatures, the relation between a curved ﬂat and its constituent isothermic maps amounts
to the Miura transform and we ﬁnd an integrable dynamics of isothermic curves, commut-
ing with T and Darboux transforms. Passing to curvatures, the dynamics of isothermic
curves gives the KdV equation, that of curved ﬂats the mKdV equation while the Darboux
transform extends to yield the Wahlquist–Estabrook Ba¨cklund transform [59] of the KdV
equation.
Acknowledgments. During the preparation of this work, we have derived great bene-
ﬁt from conversations with David Calderbank, Udo Hertrich-Jeromin, Nigel Hitchin, Soji
Kaneyuki, Katrin Leschke and Chuu-Lian Terng. Special thanks are due from the ﬁrst
author to Yoshihiro Ohnita who ﬁrst taught him about symmetric R-spaces over green
tea ice cream in 1998.
1. Algebraic preliminaries
An R-space is a conjugacy class of parabolic subalgebras in a non-compact semi-
simple Lie algebra. We begin by collecting some elements of the underlying algebra.
Here, and throughout this paper, g will be a real non-compact semisimple Lie algebra
with adjoint group G. We denote the adjoint action of G on g as well as the induced action
on subalgebras of g by juxtaposition: thus, for g A G, z A g, we write gz for AdðgÞz.
1.1. Parabolic subalgebras. A subalgebra pe g is parabolic if its complexiﬁcation
pCe gC is parabolic in the sense that it contains a Borel (thus maximal solvable) subalge-
bra of gC. However, it will be useful for us to adopt the following equivalent deﬁnition [15],
Proposition 4.2 (see also [35], Lemma 4.2, and [20], Deﬁnition 2.1).
Deﬁnition 1.1. A subalgebra p of a non-compact semisimple Lie algebra g is para-
bolic if and only if the polar p? with respect to the Killing form is a nilpotent subalgebra.
In this case, p? is the nilradical of p (in particular, p? < p) and we say that p has
height n if p? is n-step nilpotent.
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In particular, p has height one if and only if p? is abelian.
There is a ﬁnite number of conjugacy classes of parabolic subalgebras of g. If g is
complex2), they are in bijective correspondence with subsets of nodes (the crossed nodes)
of the Dynkin diagram of g. If, in addition, g is simple, one computes the height of a par-
abolic subalgebra by summing the coe‰cients in the highest root of the simple roots corre-
sponding to crossed nodes (see, for example, [1]). If g is semisimple, any parabolic subalge-
bra is a direct sum of parabolic subalgebras (possibly not proper3)!) of simple ideals and the
height is the maximum of the heights of these. If g is not complex, the same analysis is
available if Dynkin diagrams are replaced by Satake diagrams with the caveat that the
crossed nodes must all be white and any node joined by an arrow to a crossed node must
also be crossed [46], The´ore`me 3.1.
In particular, height one parabolic subalgebras correspond to simple roots with coef-
ﬁcient one in the highest root and if g is not complex, the corresponding node on the Satake
diagram must be white with no arrows. It is now an easy matter to arrive at the classiﬁca-
tion of conjugacy classes given in Table 1 in the appendix. For example, there are no height
one parabolic subalgebras in any g2, f4 or e8 (no coe‰cient one simple roots) and none in
suðp; qÞ for p3 q (no white nodes without arrows).
1.2. Complementary subalgebras. A parabolic subalgebra p of height n makes g into
a ﬁltered algebra: deﬁne inductively
pð0Þ ¼ p; pð1Þ ¼ p?; pð jÞ ¼ ½p






g ¼ pðnÞl   l pð1Þl pl pð1Þl   l pðnÞl pðn1Þ ¼ f0g
while ½pð jÞ; pðkÞH pð jþkÞ.
Deﬁnition 1.2. Two parabolic subalgebras p, q of height n are complementary if
g ¼ pð jÞl qð1jÞ;
for all j ¼ n; . . . ; n.
Any non-trivial parabolic subalgebra admits complementary subalgebras:
Lemma 1.3 ([20], Lemma 2.2). For any Cartan involution y of g and any parabolic
p < g, p and yp are complementary.
2) Real parabolic subalgebras of a complex g are in fact complex: indeed, (1.1) gives a decomposition into
complex subspaces.
3) Thus height zero.
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Moreover, the complementary subalgebras to a ﬁxed p are all conjugate:
Lemma 1.4 ([20], Lemma 2.5). exp p? < G acts simply transitively on the set of
parabolic subalgebras complementary to p.
Since p? is nilpotent, expjp? : p? ! exp p? is a di¤eomorphism so that Lemma 1.4
tells us that this set of complementary parabolics is an a‰ne space modelled on p?.
A complementary pair ðp; qÞ of height n parabolic subalgebras splits the ﬁltered struc-
ture of g into a graded one: set gj :¼ pð jÞX qðjÞ and then g ¼
Ln
j¼n
gj while ½gj; gkH gjþk.
Thus the map given by z 7! jz, for z A gj is a derivation and so, since g is semisimple, given
by the adjoint action of a unique element x in the centre of g0. We call x ¼ xqp the grading
or canonical element of the pair ðp; qÞ.







Remark 1.5. When p has height 1, the theory simpliﬁes considerably. In particular,
q is complementary to p if and only if p?X q? ¼ f0g if and only if g ¼ pl q?.
As a simple application of the existence of grading elements, we see that parabolic
subalgebras are self-normalising:
Lemma 1.6. For z A g, ½z; pH p if and only if z A p.
Proof. We know that ad x is invertible on p? so that ½x; p? ¼ p? giving
½p; p? ¼ p?. Now, if ½z; pH p then ½z; p is Killing orthogonal to p? or, equivalently,
z A ½p; p?? ¼ p. r
2. R-spaces and symmetric R-spaces
2.1. R-spaces.
Deﬁnition 2.1 ([57]). An R-space of height n is a conjugacy class of height n para-
bolic subalgebras.
Let M be an R-space. Thus M is a homogeneous space of G with stabilisers which
are, by deﬁnition, parabolic subgroups of G. By Lemma 1.6, the stabiliser P of p AM has
Lie algebra p.
Now let K be a maximal compact subgroup of G. By virtue of the Iwasawa decom-
position of G, K acts transitively on M [53], Theorem 7, and so, in particular, M is
compact.
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Let p0 AM and ﬁx a complementary subalgebra py. Set
Wpy ¼ fp AM : p is complementary to pygHM:
Then Wpy is an open, dense neighbourhood of p0 in M: it is the ‘‘big cell’’ in the cell
decomposition of M induced by the Bruhat decomposition of G [53], Theorem 8. More-
over, from Lemma 1.4, we see that the map
z 7! exp zp0 : p?y ! Wpyð2:1Þ
is a di¤eomorphism. We call this map inverse-stereoprojection with respect to ðp0; pyÞ.
If g is a complex Lie algebra, the R-spaces are the well-known generalised ﬂag mani-
folds: these are homogeneous complex (in fact, projective, algebraic) manifolds with a
K-invariant Ka¨hler structure. The remaining R-spaces are real forms of generalised ﬂag
manifolds. Indeed, let g be non-complex andM an R-space for G. For p AM, pC is a para-
bolic subalgebra of gC of the same height as p and we denote by MC the GC-conjugacy
class of the pC. The map p 7! pC embeds M in MC as the ﬁxed set of an anti-holomorphic
involution of MC: indeed, the conjugation s of gC across g induces such an involution
s : p 7! sp onMC withMHFixðsÞ and equality in this last inclusion follows from Matsu-
moto’s classiﬁcation result [46], The´ore`me 3.1, since there is at most one real conjugacy
class of parabolic subalgebras in any complex one (see [53], Theorem 10, for an alternative
argument).
2.2. Symmetric R-spaces: deﬁnition and examples. The following deﬁnition is due to
Takeuchi [53].
Deﬁnition 2.2. A symmetric R-space is an R-space of height 1.
Symmetric R-spaces are distinguished by the fact that they are Riemannian symmet-
ric spaces for the maximal compact subgroup K . Indeed, with y the corresponding Cartan
involution of g, the involution at p AM is given by tp ¼ expðipxÞ A AutðgÞ where x is the
grading element for the complementary pair ðp; ypÞ.
Thus symmetric R-spaces are compact Riemannian symmetric spaces admitting a
Lie group of di¤eomorphisms G properly containing the isometry group. It is a celebrated
theorem of Nagano [48], Theorem 3.1, that, up to covers, these are essentially the only
compact Riemannian symmetric spaces admitting such a group.
However, in what follows, we will be exclusively interested in the G-invariant geome-
try of symmetric R-spaces and shall relegate their Riemannian structure (which requires
the additional choice of a maximal compact subgroup K) ﬁrmly to the background (see,
however, §6.2.1 and §6.3.2).
For g complex, the symmetric R-spaces M are precisely the Hermitian symmetric
spaces of compact type. Here G is the group of biholomorphisms. As we saw in §2.1,
any symmetric R-space for non-complex g is a real form of such a Hermitian symmetric
space.
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Let us now illustrate some of the above theory with some concrete examples:
2.2.1. Example: the conformal n-sphere. Contemplate the Lorentzian vector space
Rnþ1;1; an ðnþ 2Þ-dimensional vector space with an inner product ð ; Þ of signature
ðnþ 1; 1Þ.4) We distinguish the light-cone L ¼ fv A Rnþ1;1 : ðv; vÞ ¼ 0g and consider its
projectivisation PðLÞHPðRnþ1;1Þ on which G ¼ AdSOðnþ 1; 1ÞG SO0ðnþ 1; 1Þ acts
transitively.
There is a G-invariant conformal structure on PðLÞ: view a section s of the principal
bundleL! PðLÞ as a map into Rnþ1;1 and set gs ¼ sð ; Þ. Thus
gsðX ;Y Þ ¼ ðdXs; dYsÞ:
It is not di‰cult to see that gs is positive deﬁnite and that, for any u : PðLÞ ! R,
geus ¼ e2ugs so that we have a well-deﬁned conformal structure.
Let us identify the inﬁnitesimal stabiliser stabðLÞe g ¼ soðnþ 1; 1Þ of a null line
L A PðLÞ. First L deﬁnes a ﬂag LHL?HRnþ1;1 and then, under the canonical isomor-
phism V2
Rnþ1;1G soðnþ 1; 1Þ : u5v 7! ðu; Þv ðv; Þu;ð2:2Þ
we readily see that
stabðLÞ ¼ L5Rnþ1;1 þV2L?
The Killing polar of stabðLÞ is then the abelian subalgebra
stabðLÞ? ¼ L5L?:
Thus stabðLÞ is a parabolic subalgebra of g and the map L 7! stabðLÞ is a G-isomorphism
from PðLÞ to the conjugacy class of stabðLÞ which is a symmetric R-space.
The general theory now tells us that PðLÞ is a Riemannian symmetric K-space
for KG SOðnþ 1Þ a maximal compact subgroup of G. In fact, PðLÞGSn as K-spaces.
Indeed, a choice of maximal compact amounts to a choice of unit time-like vector
t0 A R
nþ1;1. Then K is the identity component of Stabðt0Þe SOðnþ 1; 1Þ and we identify
PðLÞ with the unit sphere SnH ht0i? via:
x 7! hxþ t0i : Sn ! PðLÞ:





so that we conclude that PðLÞ is conformally equivalent to Sn. Moreover, this equivalence
identiﬁes G with the group of orientation-preserving conformal di¤eomorphisms of Sn.
4) Thus nþ 1 positive directions and 1 negative direction.
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This model of the conformal n-sphere is due to Darboux [28], Chapitre VI.
For L A PðLÞ, the parabolic subalgebras of g complementary to stabðLÞ are
precisely the stabilisers stabðL^Þ for L^ A PðLÞnfLg. Indeed, given such a L^, set
W ¼ ðLl L^Þ? to get a decomposition
Rnþ1;1 ¼ LlWl L^
with LlW ¼ L?, L^? ¼ Wl L^. Thus stabðLÞ? ¼ L5W and stab L^? ¼ L^5W and
these have zero intersection whence stabðLÞ and stabðL^Þ are complementary (see Remark
1.5). The corresponding grading element has eigenvalues 1, 0, 1 on L, W , L^ respec-
tively. Conversely, if x is the grading element of a complementary pair

stabðLÞ; q, then
q ¼ stabðL^Þ where L^ is the þ1-eigenspace for the action of x on Rnþ1;1.
In particular, we note that the parabolic subalgebras complementary to some stabðLÞ
lie in a single conjugacy class which coincides with that of stabðLÞ.
The inverse-stereoprojection introduced in §2.1 coincides with the classical notion:
choose L03Ly A PðLÞ with inﬁnitesimal stabilisers p0, py and set Rn ¼ ðL0lLyÞ?.
Then Wpy ¼ PðLÞnfLyg and (2.1) reads:
z 7! expðzÞL0 : Ly5Rn ! PðLÞnfLyg:
If we now choose v0 A L0, vy A Ly with ðv0; vyÞ ¼ 1, we can identify Ly5Rn with Rn
via x5vy 7! x ¼ ðx5vyÞv0 and then the di¤eomorphism is




which last is the expression for classical inverse-stereoprojection that can be found in [12].
One can perform a similar analysis of the projective lightcone PðLpþ1;qþ1Þ of
Rpþ1;qþ1 to get a symmetric R-space di¤eomorphic to ðSp  SqÞ=Z2 which is the conformal
compactiﬁcation via (2.1) of Rp;q.
2.2.2. Example: Grassmannians. Contemplate the Grassmannian GkðCnÞ of
k-dimensional linear subspaces of Cn on which G ¼ PSLðn;CÞ acts transitively (thus, for
k ¼ 1, we are studying the projective geometry of CPn). The inﬁnitesimal stabiliser of
W A GkðCnÞ has Killing polar stabðWÞ? ¼ homðCn=W ;WÞ which is an abelian subalge-
bra of slðn;CÞ so that the conjugacy class M of these stabilisers is a symmetric R-space.
The map W 7! stabðW Þ : GkðCnÞ ! M is now an isomorphism of G-spaces.
For W A GkðCnÞ, the parabolic subalgebras complementary to stabðWÞ are all of
the form stabðW^ Þ for W^ A GnkðCnÞ with Wl W^ ¼ Cn. The grading element of the pair
ðW ; W^Þ has eigenvalues ðk  nÞ=n, k=n on W , W^ respectively. Again we see that the set of
parabolic subalgebras complementary to some stabðWÞ, W A GkðCnÞ, lies in a single con-
jugacy class but, in contrast to the case of spheres, this conjugacy class does not coincide
with that of the stabðW Þ unless 2k ¼ n.
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For Grassmannians, stereoprojection coincides with the usual a‰ne chart: given
complementary W0 A GkðCnÞ and Wy A GnkðCnÞ with inﬁnitesimal stabilisers p0, py, we
identify Wpy with fW A GkðCnÞ : W XWy ¼ f0gg, Cn=Wy with W0 and thus p?y with
homðW0;WyÞ. Now (2.1) reads
T 7! ð1þ TÞW0 : homðW0;WyÞGWpy :
A similar analysis is available for the real Grassmannians GkðRnÞ with G ¼ PSLðn;RÞ and
the quaternionic Grassmannians GkðHnÞ with G ¼ PSUð2nÞ. These symmetric R-spaces
are real forms of the complex Grassmannians: indeed, they may be viewed as the ﬁxed set
of the anti-holomorphic involution W 7! jW on GkðCnÞ induced by a real or quaternionic
structure j on Cn (thus j is an antilinear endomorphism of Cn with j ¼G1).
There is one other real form of GnðC2nÞ: this is the set G?n ðCn;nÞ of maximal isotropic
subspaces for a Hermitian inner product of signature ðn; nÞ and so is the ﬁxed set of the
anti-holomorphic involution W 7! W?.
2.2.3. Example: isotropic Grassmannians. Equip C2n with a nondegenerate complex
bilinear inner product q and contemplate the set of maximal isotropic subspaces of C2n.
The group AdSOð2n;CÞ acts on these and there are two orbits: for WHC2n maximal iso-
tropic,
Vn
W lies in an eigenspace of the Hodge -operator and so we have two orbits
JþðC2nÞ and JðC2nÞ according the sign of the eigenvalue.
Under the isomorphism (2.2), the inﬁnitesimal stabiliser of W A JGðC2nÞ is C2n5W
with Killing polar
V2
W , an abelian subalgebra of soð2n;CÞ. Thus the conjugacy class MG
of stabðW Þ is a symmetric R-space andW 7! stabðWÞ : JGðC2nÞ ! MG is an isomorphism
of G-spaces.
The parabolic subalgebras complementary to stabðWÞ are those of the form stabðW^ Þ
where W^ A JGðC2nÞ and C2n ¼ Wl W^ . Now, for WG A JGðC2nÞ, one uses the character-
isation of the orbits via the -operator to see that dimWþXW has the opposite parity to
n. Thus complementary W , W^ lie in the same orbit if and only if n is even.
The real forms of JGðC2nÞ arise from real or quaternionic structures j on C2n compat-
ible with q: j q ¼ q. This leads to two orbits JGðRn;nÞ of real maximal isotropic subspaces
of Rn;n and one5) quaternionic orbit JðH2mÞ when n ¼ 2m.
The choice of a maximal compact subgroup of SOðn; nÞ amounts to a decomposition
Rn;n ¼ Rn;0lR0;n into orthogonal deﬁnite spaces. Now any W A JGðRn;nÞ is precisely
the graph of an anti-isometry Rn;0 ! R0;n and SOðnÞ ¼ SOðn; 0Þ acts freely and transitively
on these by precomposition. In this way, both JGðRn;nÞ are identiﬁed as K-spaces with
the group manifold SOðnÞ. It is an amusing exercise to see that, in this setting, inverse-
stereoprojection amounts to the Cayley parametrisation of SOðnÞ.
5) Only one of JGðC4mÞ can contain quaternionic elements since the intersection of any two such has even
dimension.
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A similar analysis can also be made for C2n equipped with a complex symplectic form
and leads to the complex Lagrangian Grassmannian LagðC2nÞ with real forms LagðR2nÞ
and LagðH2mÞ, the latter being isomorphic as a K-space to the group manifold SpðmÞ.
2.3. Duality of R-spaces. Let M be an R-space. Let M  be the set of parabolic sub-
algebras q of g for which q is complementary to some p AM. In the examples we have just
inspected,M  is a single conjugacy class which may or may not coincide withM. This is an
entirely general phenomenon and leads to a notion of duality among R-spaces which will
be important to us.
Proposition 2.3. M  comprises a single conjugacy class and so is an R-space of the
same height as M.
Proof. Let q; q 0 AM  with q complementary to p AM and q 0 complementary to gp.
We must show that q, q 0 are conjugate. Now g1q 0 is complementary to p so by Lemma 1.4
there is a unique n A exp p? with ng1q 0 ¼ q and we are done.
M and M  have the same height since the heights of complementary parabolic sub-
algebras coincide. r
Clearly ðM Þ ¼ M so we make the following
Deﬁnition 2.4. M  is the dual of M.
It can happen thatM ¼ M  in which case we say thatM is self-dual. Otherwise,M is
said to be non-self-dual. For example, we have seen that the conformal n-sphere is self-dual
but the Grassmannians GkðRnÞ, for n3 2k, are non-self-dual.
Even in the non-self-dual case, M and M  are non-canonically di¤eomorphic:
for y the Cartan involution corresponding to a maximal compact K < G, the map
p 7! yp : M ! M  is a di¤eomorphism, in fact an isomorphism of K-spaces.
In §1.1, we described how R-spaces are parametrised by certain subsets of nodes of
a Dynkin or Satake diagram. One can detect the duality relation from a certain auto-
morphism of the diagram. For this, ﬁrst note that p; qe g are complementary if and
only if pC; qCe gC are, so that M is self-dual if and only if its complexiﬁcation
MC ¼ fgpC : p AM; g A GCg is self-dual (recall p is G-conjugate to q if and only if pC is
GC-conjugate to qC). This reduces the question to the case when g is complex. For pe g
parabolic, ﬁx a Borel subalgebra be p and a Cartan subalgebra h < b. The Borel subalge-
bra determines a Weyl chamber C and there is a unique element w0 of the Weyl group such
that w0C ¼ C [10], V, 1.6. Deﬁne s ¼ w0 so that s preserves C and therefore permutes
the corresponding simple roots giving an automorphism of the Dynkin diagram. If p AM
corresponds to a set of simple roots I , then the parabolic subalgebra corresponding to sI
lies in M : it is conjugate via w0 to the opposite parabolic subalgebra to p which comprises
h and the root spaces ga for gaH p and this last is clearly complementary to p.
Thus our duality relation is implemented on subsets of the Dynkin diagram by s. For
g simple, s is readily determined: it is the identity if and only if 1 lies in the Weyl group
(since the Weyl group acts simply transitively on Weyl chambers) and this is the case unless
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g is one of slðnÞ, n > 1; soð2nÞ, n odd; or e6 [10], VI, 4.5–13. In these cases, s is the usual
involution of the Dynkin diagram.
It is now a simple matter to determine which R-spaces are self-dual: we simply ask
that s preserve the corresponding set of crossed nodes. The results for symmetric R-spaces
are tabulated in Table 1 in the appendix.
2.4. The space of complementary pairs. Let M be a symmetric R-space. While the
Riemannian symmetric structure of M will not concern us, there is a pseudo-Riemannian
symmetric G-space associated toM which will play an important role in what follows. This
is the space of complementary pairs ZHM M :
Z ¼ fðp; qÞ AM M  : p and q are complementaryg:
We have:
Proposition 2.5. G acts transitively on Z so that Z is a pseudo-Riemannian symmetric
G-space.
Proof. Let ðp; qÞ; ðp 0; q 0Þ A Z. There is h A G with hp ¼ p 0 and then h1q 0 is comple-
mentary to p. Lemma 1.4 now supplies n A exp p?e StabðpÞ with nq ¼ h1q 0 and then
with g ¼ hn we immediately get gp ¼ p 0 and gq ¼ q 0. Thus G acts transitively on Z.
The stabiliser of ðp; qÞ A Z is clearly StabðpÞX StabðqÞ with Lie algebra pX q. This
last is the centraliser of the grading element xqp of the pair so that StabðpÞX StabðqÞ is
open in the ﬁxed set of the involution tp;q ¼ expðipxÞ A AutðgÞ. Thus Z is a symmetric
G-space with invariant pseudo-Riemannian metric induced by the Killing form of g. r
Kaneyuki [41], Theorem 3.1, shows that Z is a dense open subset of M M . More-
over Z is a parahermitian symmetric space in the sense of Kaneyuki–Kozai [42] who show
that essentially all such spaces for semisimple G arise this way.
2.5. Homogeneous geometry and the solder form. The geometry of a homogeneous
G-space is tied to the Lie theory of G via the solder form which is deﬁned as follows:
Let N be a homogeneous G-space. Let HxeG be the stabiliser of x A N with Lie






with kernel hx and so an isomorphism g=hxGTxN whose inverse is the solder form
bNx : TxN ! g=hx. Globally, the hx are the ﬁbres of a vector subbundle h of the trivial
bundle6) g
N
¼ N  g and the solder form is then a bundle isomorphism bN : TNG g
N
=h.
Dually, the Killing form now gives an isomorphism T NG h?e g.
6) We shall consistently denote the trivial bundle over a manifold N with ﬁbre V by VN or even just V
if the context is clear.
203Burstall, Donaldson, Pedit and Pinkall, Isothermic submanifolds of symmetric R-spaces
Bereitgestellt von | Technische Universität Berlin
Angemeldet
Heruntergeladen am | 27.10.17 14:04
In particular, applying this analysis to an R-space M, the bundle of inﬁnitesimal
stabilisers is just the tautological bundle of parabolic subalgebras
hp ¼ p;
and we have a canonical identiﬁcation of T pN with p
?, for each p AM. It follows that the
ﬁbration of the symmetric space ZHM M  over M is non-canonically isomorphic
to the cotangent bundle T M ! M [42], Theorem 4.3: indeed, the ﬁbre Zp at p is an
a‰ne space modelled on p? (see Lemma 1.4 and the remarks following it) so that any
section of Z ! M allows us to identify Zp with p? and so with T pM. In particular, a Car-
tan involution y of g with ﬁxed set K gives such a section p 7! ðp; ypÞ and ZGT M as
K-spaces. Moreover, this section gives a totally geodesic embedding ofM, qua Riemannian
symmetric K-space, in Z. We shall return to this last point in §6.3.2.
The following lemma provides a helpful characterisation of the solder form:
Lemma 2.6. Let s A Gh then
ds1 ½bN ; s mod h:ð2:3Þ




Proof. Let X A TxN, s A Gh and z A g a representative of b
N
X A g=hx. For any
g A G, hgx ¼ AdðgÞhx so that s

expðtzÞx ¼ Ad expðtzÞsðtÞ for some curve s in hx with
sð0Þ ¼ sðxÞ. Di¤erentiating this at t ¼ 0 yields
dXs ¼ ½z; sðxÞ þ s 0ð0Þ1 ½bNX ; sðxÞ mod h:
The uniqueness assertion is clear. r
If N is reductive7) so that each hx has an AdHx-invariant complement mx, we have a
decomposition into H-bundles
g ¼ hlm
which allows us to identify g=h with m and so view bN as an m-valued 1-form. With this
understood, the corresponding reduction of d to an H-connection now reads
d ¼ Dþ bN
(see, for example, [18], Chapter 1).
3. Isothermic maps
We now come to the main object of our discussion: the isothermic maps to and sub-
manifolds of a symmetric R-space and their transformation theory.
7) R-spaces are emphatically not reductive but the symmetric spaces Z of complementary pairs are.
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Henceforth, we ﬁx a symmetric R-space M, a conjugacy class of parabolic subalge-
bras of g, with dual space M  and space of complementary pairs ZHM M .
3.1. Deﬁnition and G-invariance. Let f : S! M be a map of a manifold S. We
identify f with a subbundle, also called f , of parabolic subalgebras of the trivial bundle
g ¼ S g via
fx ¼ f ðxÞ;
for x A S. Any such subbundle over connected S arises in this way from a map to an
R-space since the conjugacy classes are the components of the set of all parabolic subalge-
bras inside the Grassmannian of g.
Deﬁnition 3.1. A map f : S! M is isothermic if there is a non-zero closed 1-form
h A W1Sð f ?Þ.
If f immerses, ð f ; hÞ is called an isothermic submanifold of M.
Thus h is a 1-form taking values in the bundle f ? of nilradicals which is closed
when viewed as a g-valued form. Alternatively, the solder isomorphism identiﬁes f ? with
f 1T M and we may therefore view h as an f 1T M-valued 1-form: we shall exploit this
in §6.1.
Remark 3.2. For some symmetric R-spaces, the 1-form h is uniquely determined up
to (constant) scale by the isothermic map f when f immerses. However, for other symmet-
ric R-spaces, this is far from the case as we shall see in §6.3.1.
We note that the isothermic property is manifestly G-invariant: for isothermic ð f ; hÞ
and g A G, ðg f ; ghÞ is also isothermic.
3.2. Stereoprojection and the Christo¤el transform. We saw in §2.1 that a ﬁxed com-






We now show that this data also induces a duality between isothermic maps. Indeed,
suppose that f : S! M has image in Wpy and let F : S! p?y be its stereoprojection.
Thus
f ¼ expðFÞp0:
If h A W1Sð f ?Þ, we have a 1-form o A p?0 such that h ¼ expðFÞo. Since F takes values in the
ﬁxed abelian subalgebra p?y, we readily compute the exterior derivative of h:
dh ¼ expðFÞðdoþ ½dF5oÞ:
The two summands on the right lie in p?0 and p0X py respectively and so must vanish
separately if and only if dh ¼ 0. We therefore conclude:
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Proposition 3.3. A map f : S! M with stereoprojection F : S! p?y with respect to
ðp0; pyÞ is isothermic if and only if there is a 1-form o A W1Sðp?0 Þ such that
(1) o is closed;
(2) ½dF5o ¼ 0.
In this situation, we can (locally) integrate to ﬁnd F c : S! p?0 with dF c ¼ o and
thus ½dF5dF c ¼ 0. Everything is now symmetric in F and F c and we conclude that
f c ¼ expðF cÞpy : S! M  is isothermic with 1-form hc ¼ expðF cÞ dF . By strict analogy
with the classical situation (see §3.2.1 below), we call f c (or F c) the Christo¤el transform
of f (or F ).
Of course, if we change our choice of initial complementary pair ðp0; pyÞ; then we
will obtain a quite di¤erent Christo¤el transform. However, these (or rather their stereo-
projections) are all obtained in a very simple way from a primitive of h. For this, observe
that
h ¼ expðFÞo ¼ oþ ½F ;o þ 1
2
½F ; ½F ;o







the projection onto p?0 along py. We therefore conclude:
Proposition 3.4. Let ð f ; hÞ be isothermic and F : S! g a primitive of h: dF ¼ h.
Then the Christo¤el transform of ð f ; hÞ with respect to ðp0; pyÞ has stereoprojection
F c ¼ pp?
0
F.
Thus F is a universal Christo¤el transform for f .
3.2.1. Example: isothermic surfaces in Sn. Let us take M to be the conformal
n-sphere as in §2.2.1 and show that, in this case, our theory recovers the classical notion
of an isothermic surface.
A map f : S! M ¼ PðLÞ is the same as a null line-subbundle LHRnþ1;1 and the
bundle of nilradicals is f ? ¼ L5L?. Now f is isothermic if there is a non-zero, closed
soðnþ 1; 1Þ-valued 1-form h taking values in L5L?.
We stereoproject to compare with the classical deﬁnition. Thus, choose L0 ¼ hv0i,
Ly ¼ hvyi A PðLÞ with ðv0; vyÞ ¼ 1 and, as in §2.2.1, identify both stabðL0Þ and
stabðLyÞ with Rn ¼ hv0; vyi?. With both F , F c viewed as maps S! Rn, the bracket
½dF5dF c takes values in soðnÞl soð1; 1Þ and the vanishing of these two components
amounts to
ðdFX ; dF cY Þ ¼ ðdFY ; dF cX Þ;
dFX5dF
c
Y ¼ dFY5dF cX ;
for vector ﬁelds X , Y on S. These, in turn, can be conveniently packaged as
dF5Cln dF
c ¼ 0ð3:1Þ
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where here we use Cli¤ord multiplication to multiply coe‰cients so that the left-hand side
of (3.1) is a 2-form with values in the Cli¤ord algebra of Rn. To summarise:
Proposition 3.5. F : S! Rn is the stereoprojection of an isothermic map S! PðLÞ
if and only if there is (locally) a map F c : S! Rn such that (3.1) holds.
According to [13], §2.1, this coincides with the classical formulation of the isothermic
property due to Christo¤el [25] for n ¼ 3, and Palmer [50] for n > 3.
One can show [13], Lemma 1.6, that an isothermic F : S! Rn has rank at most 2
so that isothermic submanifolds are necessarily surfaces. As we shall see in §6.2.1, similar
restrictions hold for any symmetric R-space.
3.3. Zero curvature representation and spectral deformation. Isothermic maps com-
prise an integrable system with a transformation theory that exactly mirrors the classical
theory of isothermic surfaces in S3. This is all a consequence of the following simple obser-
vation: for f : S! M and h A W1Sð f ?Þ, view h as a gauge potential and contemplate the
pencil of G-connections on g given by
‘ t ¼ dþ th;ð3:2Þ
for t A R. Of course, ‘0 ¼ d.
We have:




t ¼ Rd þ t dhþ 1
2
t2½h5h ¼ tdh
since d is ﬂat and h takes values in the bundle of abelian8) subalgebras f ?. Thus dh ¼ 0 if
and only if R‘
t ¼ 0 for all t A R. r
As a ﬁrst application, we show that isothermic maps possess a spectral deformation:
that is, they come locally in 1-parameter families. There are two ways to see this corre-




h ¼ dhþ t½h5h ¼ 0:
Thus ð f ; hÞ remains isothermic when the ﬂat connection d on g is replaced by the ﬂat con-
nection ‘ t.
8) It is here that M being a symmetric R-space comes to the fore.
207Burstall, Donaldson, Pedit and Pinkall, Isothermic submanifolds of symmetric R-spaces
Bereitgestellt von | Technische Universität Berlin
Angemeldet
Heruntergeladen am | 27.10.17 14:04
Equivalently, we can trivialise ‘ t: locally, we can ﬁnd gauge transformations Ft,
unique up to left multiplication by a constant element of G, such that Ft  ‘ t ¼ d and
then ðFt f ;FthÞ is isothermic in the usual sense. Here, and below, Ft  ‘ t ¼ Ft  ‘ t F1t
is the usual left action of gauge transformations on connections.
We write Tt f for Ft f and, following Bianchi [3], say that Tt f is a T-transform9) of f .
The gauge transformation Ft does more than intertwine ‘
t and d: we clearly have
Ft  ð‘ t þ shÞ ¼ dþ sFth, for all s A R. Now, if F ts implements the transform Ts of Tt f
so that F ts  ðdþ sFthÞ ¼ d, we have ðF tsFtÞ  ‘sþt ¼ d so that F tsFt ¼ Fsþt. We therefore
obtain an identity on T-transforms due to Hertrich-Jeromin–Musso–Nicolodi [36] for the
case where M is the conformal 3-sphere:
Tsþt ¼ Ts  Tt:ð3:3Þ
3.4. Darboux transforms. Flat connections have many parallel sections locally and,
in our situation, we can use the parallel sections of ‘ t to construct new isothermic surfaces
in the dual symmetric R-space.
Deﬁnition 3.7. Let ð f ; hÞ be isothermic and m A R. A map f^ : S! M  into the
dual R-space is a Darboux transform of f with parameter m if
(1) f^ H g is ‘m-parallel;
(2) f and f^ are pointwise complementary parabolic subalgebras.
In this case, we write f^ ¼ Dm f .
Remark 3.8. (1) The condition that f^ be ‘m-parallel means that any section z of f^
has ‘mz A W1Sð f^ Þ. Since ‘m is ﬂat, such f^ are determined by their value at a ﬁxed point
p0 A S and any complement to f ðp0Þ extends locally to a parallel f^ (which may eventually
fail to be pointwise complementary to f ).
(2) That ð f ; f^ Þ be pointwise complementary amounts to demanding that ð f ; f^ Þ takes
values in the symmetric space Z of complementary pairs. As we shall see in §5, f^ is a
Darboux transform if and only if ð f ; f^ Þ is a curved ﬂat in the sense of Ferus–Pedit [30].
We are going to show that f^ is isothermic and that the relationship between f and f^
is reciprocal: f ¼ Dm f^ . In fact, we shall show more and exhibit an explicit gauge transfor-
mation between the two pencils of ﬂat connections. All of this will take a little preparation.
So let ð f ; hÞ be isothermic, f^ ¼ Dm f and contemplate the bundle decomposition
g ¼ f ?l ð f X f^ Þl f^ ?:ð3:4Þ
9) In the case of isothermic surfaces in S 3, it will follow from the results of §5.2 that our notion of
T -transform coincides with the classical one due to Calapso [19] and Bianchi [3] since both are given by the curved
ﬂat spectral deformation of Darboux pairs [16].
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This is the eigenbundle decomposition of ad x where xðpÞ ¼ x f^ ðpÞ
f ðpÞ is the grading element
of the complementary pair at p A S. There is a corresponding decomposition of the
ﬂat connection d: since x takes values in a single conjugacy class, dx takes values in
Im ad x ¼ f ? þ f^ ? on which ad x is invertible and we may write dx ¼ ½x; b þ b^ where
b A W1Sð f^ ?Þ and b^ A W1Sð f ?Þ. Now deﬁne a new G-connection D by
d ¼ D b  b^ð3:5Þ
and note that Dx ¼ 0 so that each summand in (3.4) is D-parallel.
We have that f^ is ‘m-parallel. Since f^ is also D-parallel and preserved by ad b,
we conclude that it is also preserved by adðmh b^Þ. Since f^ is self-normalising, this gives
that mh b^ takes values in f^ X f ? ¼ f0g so that b^ ¼ mh.
The symmetry of the situation now suggests that if we deﬁne h^ ¼ 1
m
b A W1Sð f^ ?Þ then
ð f^ ; h^Þ should be isothermic. This will be the case if and only if the connections ‘^ t ¼ dþ th^
are ﬂat for all t A R and we will prove this by writing down an explicit gauge transforma-
tion intertwining ‘ t and ‘^ t.
For this, we introduce a class of elements of AutðgÞ that will appear frequently in
what follows. For ðp; qÞ AM M  complementary and s A R, deﬁne GqpðsÞ by
GqpðsÞ ¼
s on q?;




We note that s 7! GqpðsÞ is a homomorphism R ! AutðgÞ, that GqpðsÞ ¼ exp
ðln sÞxqp A G
for s > 0, and that Gð1Þ is the involution at ðp; qÞ deﬁning the symmetric space structure
of Z in Proposition 2.5.
Remark 3.9. These Gqp are the analogues, for real semisimple G, of the simple factors
considered by Terng–Uhlenbeck [55]. We shall return to this point in §5.1.
Now consider the action of the gauge transformation G f^f ðsÞ on the connection ‘ t:
G
f^






¼ D sb  s1m t
m
b^;
since G f^f ðsÞ is D-parallel, having constant eigenvalues and D-parallel eigenspaces, and both








 ‘ t ¼ Dm t
m
b  b^ ¼ ‘^ t
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whence each ‘^ t is ﬂat (for t3m and then for all t by continuity) since ‘ t is ﬂat. Moreover,
‘^m ¼ D b^ so that f is clearly ‘^m-parallel, that is f ¼ Dm f^ . To summarise:
Theorem 3.10. Let ð f ; hÞ be isothermic and f^ ¼ Dm f a Darboux transform of f with
h^ deﬁned as above. Then:







 ðdþ thÞ ¼ dþ th^ for all t3m;
(3) f ¼ Dm f^ .
There is a converse to Theorem 3.10 which detects when two isothermic surfaces are
Darboux transforms of each other:







 ðdþ thÞ ¼ dþ th^, for all t3m.
Then f^ ¼ Dm f (whence f ¼ Dm f^ ).




m t ðb^  thÞ ¼ D b  b^ þ th^
and compare components in f ?, f^ ? to get
mb ¼ h^; mb^ ¼ h:
In particular, dþmh ¼ D b so that f^ is ðdþmhÞ-parallel and thus a Darboux transform
of f with parameter m. r
Part (2) of Theorem 3.10 enables us to prove a permutability theorem relating
Darboux and T-transforms: indeed, with f^ ¼ D s f and ‘^ t ¼ dþ th^, the T-transform
T f f^ is given by F^t f^ for F^t a gauge transformation with F^t  ‘^ t ¼ d. On the other hand,








up to left multiplication by constants in G. Apply this to f^ to conclude that F^t f^ ¼ Ft f^ .
Now, f^ is ‘s ¼ ‘ t þ ðs tÞh-parallel, whence Ft f^ is dþ ðs tÞFth-parallel. Thus Ft f^ is
a Darboux transform of Ft f with parameter s t. To summarise, we have proved a result
which can be found in [38], Theorem 5.6.15, for the classical case:
Theorem 3.12. For t; s A R with 03 s3 t, TtD s ¼ D stTt.
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There is a similar result, due to Bianchi [3], §3, in the classical setting, that uses the
T-transform to intertwine Christo¤el and Darboux transformations. Again, the key for us
is to ﬁnd the gauge transformation relating the pencils of ﬂat connections corresponding to
an isothermic map and its Christo¤el transform. For this, let ð f ; hÞ be isothermic and ﬁx a
complementary pair ðp0; pyÞ AM M . Then we have maps F : S! p?y, F c : S! p?0
such that f ¼ expðFÞp0, h ¼ expðFÞ dF c while the corresponding Christo¤el transform is
ð f c; hcÞ with f c ¼ expðF cÞpy and hc ¼ expðF cÞ dF . Since F takes values in a ﬁxed abelian
subalgebra, we have
d ¼ expðFÞ  ðdþ dFÞ
so that
dþ th ¼ expðFÞ  ðdþ dF þ t dF cÞ
and, similarly,
dþ thc ¼ expðF cÞ  ðdþ t dF þ dF cÞ:
Thus deﬁne GcðtÞ ¼ expðF cÞGpyp0 ðtÞ expðFÞ and conclude:
Lemma 3.13. With f , f c a Christo¤el pair of isothermic surfaces and GcðtÞ deﬁned as
above, GcðtÞ  ðdþ thÞ ¼ dþ thc, for all t3 0.
Note that GcðtÞ f 1 p0 while GcðtÞpy1 f c.
We can now argue as for Theorem 3.12 above: the T-transform of f c is Fct f
c where
Fct  ðdþ thcÞ ¼ d. Thus Lemma 3.13 tells us that
Fct G
cðtÞ ¼ Ft
so that Fct f
c ¼ FtGcðtÞ1 f c ¼ Ftpy. Now the constant section py is d ¼ ‘ t  th-parallel
so that Ftpy is d tFth-parallel, that is, Ftpy is a Darboux transform of Ft f with param-
eter t. To summarise:
Theorem 3.14. For t A R, Tt f c ¼ DtTt f .
3.5. Christo¤el transform as a blow-up of Darboux transforms. If we let t ! 0 in
Theorem 3.14, it appears that the Christo¤el transform f c is some kind of limit of Darboux
transforms. This is indeed the case as we now show.
Fix ð f ; hÞ isothermic, f : S! M, and contemplate the gauge transformations
Fs : S! G that implement the T-transforms of f . Thus Fs  ‘s ¼ d and each Fs is deter-
mined uniquely up to left multiplication by a constant in AutðgÞ. In particular, we may







Proposition 3.15. d _F ¼ h.
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Proof. The deﬁning property of the Fs amounts to
F1s dFs ¼ sh
and we di¤erentiate this with respect to s at s ¼ 0 to draw the conclusion. r
Thus _F is a primitive for h and so, by Proposition 3.4, is a universal Christo¤el trans-
form for f . That is, for ðp0; pyÞ AM M  a complementary pair with py pointwise com-
plementary to f , f c :¼ expðpp?
0
_FÞpy : S! M  is a Christo¤el transform of ð f ; hÞ with
respect to ðp0; pyÞ.
We use this to give two alternative characterisations of f c. First we see that f c is
a blow-up of Darboux transforms of f . Indeed let f^s : S! M  be a smooth variation
of maps through f^01 py with each f^s ‘
s-parallel and pointwise complementary to f .
Thus, for s3 0, f^s is a Darboux transform of ð f ; hÞ with parameter s: f^s ¼ D s f .
Then q=qsjs¼0 f^s : S! TpyM . Now the derivative at 1 of g 7! gpy induces the sol-
dering isomorphism g=pyGTpyM
 and thus we get an identiﬁcation p?0 GTpyM
.
With this in mind, observe that we may choose Fs so that f^s ¼ F1s py whence, since
q=qsjs¼0F1s ¼  _F, we conclude:
Corollary 3.16. Under the identiﬁcation TpyM
G p?0 , q=qsjs¼0 f^s ¼ ppy _F so that
f c ¼ expðq=qsjs¼0 f^sÞpy:
This leads us to another realisation of both f c and its accompanying 1-form hc, this
time as a limit of conjugates of ð f^s; h^sÞ which will be useful below.
Theorem 3.17. Let ð f^s; h^sÞ be a smooth family of Darboux transforms of ð f ; hÞ with
parameter s such that lim
s!0
f^s ¼ py. Then a Christo¤el transform ð f c; hcÞ of ð f ; hÞ with
respect to ðp0; pyÞ is given by






In particular, dþ thc ¼ lim
s!0
Gpyp0 ðsÞ  ðdþ th^sÞ, for all t A R.
Proof. Let F^ s : S! p?0 be the stereoprojection of f^s from p0 so that f^s ¼ expðF^ sÞpy.
The derivative of stereoprojection at py is precisely our identiﬁcation TpyM
G p?0 under
which q=qsjs¼0 f^s ¼ q=qsjs¼0F^ s so that Corollary 3.16 reads
f c ¼ expðq=qsjs¼0F^ sÞpy:
However, lim
s!0
F^ s ¼ 0 so that
f c ¼ lim
s!0
expðF^ s=sÞpy ¼ lim
s!0
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As for the 1-forms, recall that h^s ¼ bs=s where bs A W1Sð f^
?
s Þ and b^s A W1Sð f ?Þ are
given by dx
f^s
f ¼ ½x f^sf ; bs þ b^s. Meanwhile, hc ¼ expðF cÞ dF where F : S! p?y is the stereo-
projection of F and, as we have just seen, F c ¼ q=qsjs¼0F^ s is the stereoprojection of f c.
Write h^s ¼ expðF^ sÞbs=s with bs A W1Sðp?yÞ. Then
lim
s!0
Gpyp0 ðsÞh^s ¼ lims!0 G
py
p0
ðsÞ expðF^ sÞbs=s ¼  lim
s!0
expðF^ s=sÞbs ¼ expðq=qsjs¼0F^ sÞb0:
Now b0 ¼ b0 and it remains to identify this with dF . However, xpyf ¼ expðFÞxpyp0 and we
di¤erentiate to get dx
py
f ¼ ½dF ; xpyf  yielding b0 ¼ dF as required (and b^0 ¼ 0). r
4. Bianchi permutability in self-dual spaces
Let us recall Bianchi’s celebrated permutability theorem [2], §5–§9, for Darboux
transforms of isothermic surfaces in R3: given such an isothermic surface f and two distinct
Darboux transforms f1 ¼ Dm1 f , f2 ¼ Dm2 f with m13m2, then there is a fourth isothermic
surface f^ which is a simultaneous Darboux transform of f1 and f2: f^ ¼ Dm2 f1 ¼ Dm1 f2.
Moreover, f^ can be constructed algebraically from the ﬁrst three surfaces: in fact, according
to Demoulin [29], p. 157, corresponding points on the four surfaces are concircular with
constant cross-ratio m2=m1.
We now show that these results still hold in every detail for isothermic maps into
any self-dual symmetric R-space. For this, we begin by describing a distinguished family
of circles in such a space.
4.1. Circles in self-dual symmetric R-spaces. Three distinct points in Sn determine
a unique circle on which they lie. This fact generalises to self-dual symmetric R-spaces M:
three pairwise complementary points in M determine a submanifold of M, conformally
di¤eomorphic to a circle, on which they lie.
Let p0; py AM be complementary points in a self-dual symmetric R-space. The set of
parabolic subalgebras in M that are complementary to both p0 and py is the dense open
set Wp0 XWpy . We begin with a simple criterion for membership of this set.
Lemma 4.1. Let xy A p?y. Then expðxyÞp0 A Wp0 XWpy if and only if
kerðad xyÞ2 ¼ py:
Proof. expðxyÞp0 A Wp0 XWpy if and only if expðxyÞp0 A Wp0 , that is, expðxyÞp0
and p0 are complementary. This means that expðxyÞp?0 X p0 ¼ f0g. However, for x A p?0 ,
we have
expðxyÞx ¼ xþ ½xy; x þ 1
2
ðad xyÞ2x
with the ﬁrst two summands in p0 and the last in p
?
y. Now g ¼ p0l p?y so
expðxyÞx A expðxyÞp?0 X p0 if and only if ðad xyÞ2x ¼ 0. Thus expðxyÞp0 A Wp0 XWpy if
and only if ðad xyÞ2 injects on p?0 . Since g ¼ p?0 l py and pyH kerðad xyÞ2, for any
xy A p?y, the lemma follows. r
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Note that the condition on xy is independent of the choice of complementary p0.
Suppose now that we have three mutually complementary points p0; p1; py AM and
write p1 ¼ expðxyÞp0 for a unique xy A p?y. For t A R, ðad txyÞ2 ¼ t2ðad xyÞ2 and so
has kernel py also whence, by Lemma 4.1, pt :¼ expðtxyÞp0 is again complementary to
p0 and py.
Deﬁnition 4.2. The circle through p0, p1, py is the subset CHM given by
C ¼ fpt : t A RW fygg:
Note that, for t3 s, pt, ps are the images under exp sxy of the complementary pair
ðpts; p0Þ and so are also complementary.
We now show that our construction is independent of choices, that is, any three
points of C determine the same circle. For this we give an alternative approach to C which
also shows that the projective structure on C given by the coordinate t is also independent
of choices.
For i3 j A f0; 1;yg, let x ij be the grading element of the pair ðpj; piÞ. Thus
ad x ij ¼
1 on p?i ;
0 on piXpj;
1 on p?j ;
8><
>:
and x ji ¼ x ij .
Proposition 4.3. The span s ¼ hx10 ; xy1 ; xy0 iH g is a subalgebra of g isomorphic to
slð2;RÞ. Indeed, with p1 ¼ expðxyÞp0 ¼ expðx0Þpy, for xi A p?i , we have x0; xy A s and
½xy0 ; xy ¼ xy; ½xy; x0 ¼ 2xy0 ; ½xy0 ; x0 ¼ x0:
Proof. For distinct i; j; k A f0; 1;yg, there is, by Lemma 1.4, xjk A p?i such that
expðxjkÞx ji ¼ xki . That is,
xki ¼ x ji þ ½xjk; x ji  ¼ x ji þ xjk:ð4:1Þ
Thus xki  x ji ¼ xjk A p?i so that
½x ji ; xki  ¼ ½x ji ; xki  x ji  ¼ x ji  xkið4:2Þ
which shows that s is a subalgebra.
Moreover, we have expðxyÞx0y ¼ x1y so (4.1) gives xy ¼ x1y  x0y A s and, similarly,
x0 ¼ x10  xy0 A s. Now use (4.2) and x ji ¼ x ij to compute
½xy; x0 ¼ ½x1y  x0y; x10  xy0 
¼ ½xy1 ; x01  þ ½x1y; x0y þ ½xy0 ; x10 
¼ 2xy0 : r
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The Killing form ð ; Þs of s has signature ð2; 1Þ (indeed, x0, xy are null and
ðxy0 ; xy0 Þs ¼ 2). The light-coneLsH s for this inner product is precisely the set of nilpotent
elements of s. The projective light-cone PðLsÞ is then, on the one hand, a conformal di¤eo-
morph of S1 and, on the other, the set of nilradicals of the single conjugacy class of para-
bolic subalgebras of s.
Let SeG be the analytic subgroup of G with Lie algebra s. Then SGPSLð2;RÞ and
acts transitively on PðLsÞ. Thus any hxi A PðLsÞ is of the form hhxyi, for some h A S, so
that kerðad xÞ2 ¼ h kerðad xyÞ2 ¼ hpy AM. We have therefore deﬁned an S-equivariant
map C : PðLÞ ! M by
CðhxiÞ ¼ kerðad xÞ2
which injects since sXCðhxiÞ? ¼ hxi. It is easy to see that the circle C constructed earlier
coincides with the image of C: indeed, since p0 ¼ Cðhx0iÞ, the S-equivariance of C gives





for t A R. Moreover, since S acts (simply) transitively on triples of distinct points of PðLsÞ,




y A C deﬁne the same s (the
grading elements x 0ji lie in s and therefore span it) and thus the same S and C.
We have now equipped our circle C with a conformal structure, or, what is the same
thing in dimension one, a projective structure. Indeed, ﬁx a double cover SLð2;RÞ ! S and
then we have an equivariant isomorphism RP1GPðLsÞ given by l 7! stabðlÞ?. From
(4.3), we see that the coordinate pt 7! t on C is the pull-back by C1 of the coordinate on
S1 given by stereoprojection. According to §2.2.2, this last is an a‰ne coordinate on RP1.
Here are some consequences of this circle of ideas. First, four distinct points on C
have, via the identiﬁcation with RP1, an S-invariant cross-ratio and, in particular, the
cross-ratio of p1, py, pt, p0 is exactly t:
crðp1; py; pt; p0Þ ¼ t:ð4:4Þ
For the second, let us ﬁrst relate the parametrisation t 7! pt to the gauge transformations
Gqp of §3.4: for t A R
,
Gpyp0 ðtÞp1 ¼ Gpyp0 ðtÞ expðxyÞp0
¼ expGpyp0 ðtÞxyGpyp0 ðtÞp0
¼ expðtxyÞp0 ¼ pt;
since Gpyp0 ðtÞ preserves p0 and has p?y as eigenspace with eigenvalue t. Thus we may set
Gpyp0 ð0Þp1 ¼ p0, Gpyp0 ðyÞp1 ¼ py and see that t 7! Gpyp0 ðtÞp1 is the parametrisation of C
inverting the a‰ne coordinate pt 7! t. Now any two a‰ne coordinates on RP1 are related
by a unique linear fractional transformation so the same is true of the corresponding para-
metrisations. We summarise the situation in the following proposition which will enable us
to avoid several tedious computations below.
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Proposition 4.4. Let ðp0; p1; pyÞ, ðp 00; p 01; p 0yÞ be two triples of mutually complemen-
tary points determining the same circle CHM.
(1) There is a unique linear fractional transformation sðtÞ such that






for all t A RW fyg. In particular, Gpyp0 p1 is determined by its values at any three distinct







 ¼ t, for all t A RW fyg.
Remark 4.5. If g is a complex Lie algebra so thatM is a conjugacy class of complex
parabolic subalgebras, the entire discussion goes through unchanged with t A C. Thus, in
this case, pairwise complementary p0, p1, py determine a rational curve C in M with
CGCP1 carrying a complex projective structure and well-deﬁned complex cross-ratio.
Moreover, Proposition 4.4 is still valid so long as t is taken to be complex. We will persist
in calling C the circle through p0, p1, py.
With this in hand, we conclude this section with a lemma whose unpromising state-
ment is tailored for an application in §5.2.2.
Lemma 4.6. Let g be complex and M a self-dual symmetric R-space for g. Let
p; p1; p2 AM with ðp; p1Þ complementary and set t ¼ Gp1p ð1Þ A AutðgÞ. Finally, let w A C
and put r ¼ Gp1p ðwÞp2.
Then p, p1, p2 are pairwise complementary if and only if r, tr are complementary. In
this case, all ﬁve parabolic subalgebras are concircular.
Proof. First suppose that p, p1, p2 are pairwise complementary then
tr ¼ Gp1p ð1ÞGp1p ðwÞp2 ¼ Gp1p ðwÞp2:
Thus, since w3w, r and tr are distinct points on the circle through p, p1, p2.
For the converse, we must work a little harder. So suppose that r, tr are comple-
mentary and let x ¼ xtrr be the corresponding grading element. Clearly we have tx ¼ x
and we use this to see that r (and so tr) is complementary to both p and p1. For this, let
x A ðp?l p?1 ÞX r? so that, on the one hand, tx ¼ x and, on the other hand, ½x; x ¼ x.
Then
x ¼ tx ¼ t½x; x ¼ ½x;x ¼ x
so that x ¼ 0. Thus p?X r? ¼ f0g ¼ p?1 X r? so that both ðp; rÞ and ðp1; rÞ are comple-
mentary pairs. We now have p2 ¼ Gp1p ð1=wÞr so that p2 lies on the circle through p, p1, r
and, since 1=w3 0;y, is distinct from and so complementary to p and p1. r
4.2. Bianchi permutability for Darboux transforms. Let ð f ; hÞ : S! M be an
isothermic map to a self-dual symmetric R-space M with Darboux transforms ð f1; h1Þ,
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ð f2; h2Þ with parameters m13m2 respectively: f1 ¼ Dm1 f , f2 ¼ Dm2 f . Suppose, in addi-
tion, that the fi are pointwise complementary. We seek a fourth isothermic map f^ so that
f^ ¼ Dm2 f1 ¼ Dm1 f2.




 ðdþ thÞ ¼ dþ thi.









of the complementary pair ð f1; f2Þ and so
is a complementary pair also. Thus ð f12; h12Þ is a Darboux transform of ð f1; h1Þ is parame-






 ðdþ th1Þ ¼ dþ th12.
Similarly ð f21; h21Þ is a Darboux transform of ð f2; h2Þ with parameter m1 where











 ðdþ th2Þ ¼ dþ th21:
It therefore su‰ces to prove that f12 ¼ f21 and h12 ¼ h21.
For the ﬁrst of these identities, note that G f1f ðtÞ f2 and G f2f ðtÞ f1 parametrise the circles
through corresponding points of f , f1, f2 and so di¤er by a linear fractional transformation
of t by Proposition 4.4. This linear fractional transformation must ﬁx 0 and swop 1 andy
so that, for all t,
G
f1





and evaluating this at t ¼ 1m2=m1 yields f12 ¼ f21.
The second identity is equivalent to dþ th12 ¼ dþ th21 and since these connections

















































; for all t:




























, we observe that, by deﬁnition, GðtÞ acts as 1 t=m1
1 t=m2 on f
?
1
and as 1 on f1=f
?
1 . Moreover, GðtÞ preserves f2: indeed, this amounts to demanding that
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f2. We readily check that these agree at t ¼ 0;m1;y and
so everywhere by Proposition 4.4.
Now, since GðtÞ is orthogonal with respect to the Killing form, we see that it must
preserve the decomposition g ¼ f ?1 l ð f1X f2Þl f ?2 and so acts as 1 on f1X f2. More-
over, since f ?1 and f
?
2 are dual with respect to the Killing form, GðtÞ acts as
1 t=m2
1 t=m1 onf ?2 and the lemma follows. r






















and evaluate at t ¼y to conclude:
f^ ¼ G f1f2 ðm2=m1Þ f
whence crð f ; f1; f^ ; f2Þ ¼ m2=m1. To summarise:
Theorem 4.8. Let f1; f2 : S! M be complementary Darboux transforms of an iso-
thermic map f : S! M with parameters m13m2 respectively. Then there is a common
Darboux transform f^ ¼ Dm1 f2 ¼ Dm2 f1 of f1 and f2 which is pointwise concircular with f ,
f1, f2 and has constant cross-ratio m2=m1 with these.
We call such a conﬁguration of four isothermic maps a Bianchi quadrilateral (see
Figure 1).
4.3. The cube theorem. With almost no extra e¤ort, we can compute the e¤ect of a
third Darboux transform on a Bianchi quadrilateral and so prove the analogue of Bianchi’s
cube theorem [2], §11, in our context.
So start with an isothermic map f , distinct m1;m2;m3 A R
 and pairwise complemen-
tary Darboux transforms f1, f2, f3 of f : fi ¼ Dmi f . Then Theorem 4.8 provides three
simultaneous Darboux transforms fij ¼ fji ¼ Dmi fj ¼ Dmj fi, for i; j A f1; 2; 3g distinct.
Suppose now that the fij are also pairwise complementary and appeal once more to
Theorem 4.8 to construct three more Bianchi quadrilaterals ð fi; fij; fið jkÞ; fikÞ so that
Figure 1. A Bianchi quadrilateral.
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fið jkÞ ¼ Dmk fij ¼ Dmj fik. The claim is that these three new maps fið jkÞ coincide (as do the
corresponding hið jkÞ) so that we have eight isothermic maps arranged into six Bianchi
quadrilaterals with the combinatorics of a cube (see Figure 2).
To prove this, it is enough to show that f1ð23Þ ¼ f2ð31Þ and that h1ð23Þ ¼ h2ð31Þ for the
rest follows by permuting indices. Now




























The identity of Lemma 4.7 evaluated at t ¼ m3 now yields





and we learn a little more: the eighth surface f123 is concircular with f1, f2, f3 with constant
cross-ratio:
crð f3; f1; f123; f2Þ ¼ 1m3=m1
1m3=m2 :
For the classical case of isothermic surfaces in Sn, this last statement is due to Bobenko–
Suris [5].
Figure 2. A Bianchi cube.
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 ðdþ th12Þ ¼ dþ th2ð31Þ so that
h1ð23Þ ¼ h2ð31Þ.
To summarise:
Theorem 4.9. Let f : S! M be an isothermic map and m1;m2;m3 A R distinct
parameters. Let f1, f2, f3 be pairwise complementary Darboux transforms of f , fi ¼ Dmi f ,
and f12, f23, f13 pairwise complementary simultaneous Darboux transforms of the fi as in
Theorem 4.8: fij ¼ Dmi fj ¼ Dmj fi. Then there is an isothermic map ð f123; h123Þ which is a
simultaneous Darboux transform of each fij: f123 ¼ Dmk fij, for i, j, k distinct.
Moreover, f123, f1, f2, f3 are concircular with cross-ratio
1=m3  1=m1
1=m3  1=m2 .
Remark 4.10. The cube conﬁguration is highly symmetrical and, in particular, start-
ing the analysis at f123 rather than f , one readily deduces that the other tetrahedron in the
cube has concircular vertices with the same cross-ratio:
crð f12; f23; f ; f13Þ ¼ 1m3=m2
1m3=m1 :
4.4. Permutability of Christo¤el and Darboux transforms. Theorem 3.17 realises the
Christo¤el transform of f as a limit of conjugated Darboux transforms. Taken together
with the preceding permutability theorems for Darboux transforms, this allows us to prove
the analogue of two more permutability results of Bianchi.
First we prove that Christo¤el and Darboux transforms commute (cf. Bianchi [2], §3):
Theorem 4.11. Let f ; f c; f^ : S! M be isothermic maps into a self-dual symmetric
R-space with ð f c; hcÞ a Christo¤el transform of f and ð f^ ; h^Þ a Darboux transform of f with
parameter m.
Then there is a fourth isothermic map f^ c : S! M which is simultaneously a Christo¤el
transform of f^ and a Darboux transform of f c with parameter m: f^ c ¼ ð f^ Þc ¼ Dm f c.
Proof. Let f c be a Christo¤el transform with respect to ðp0; pyÞ and ﬁnd, via
Theorem 3.17, a family ð fs; hsÞ of Darboux transforms of f with parameter s such that
lim
s!0
fs ¼ py; lim
s!0




Now apply Theorem 4.8 to fs, f^ to get ð f^s; h^sÞ with f^s ¼ Dm fs ¼ D s f^ . We have
f^s ¼ G f^f ð1 s=mÞ fs so that
lim
s!0
f^s ¼ G f^f ð1Þpy ¼ py;
so that Theorem 3.17 applies to the f^s and we may deﬁne a Christo¤el transform ð f^ c; h^cÞ of
f^ by
f^ c ¼ lim
s!0
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It remains to show that ð f^ c; h^cÞ is a Darboux transform with parameter m of f c. By Prop-






 ðdþ thcÞ ¼ dþ th^c for all t3m.






 ðdþ thsÞ ¼ dþ th^s and applying













Gpyp0 ðsÞ  ðdþ thsÞ ¼ Gpyp0 ðsÞ  ðdþ th^sÞ:







 ðdþ thcÞ ¼ dþ th^c
as required. r
Similarly, we can take m3 ¼ s and let s ! 0 in the Cube Theorem 4.9 to obtain, with-
out further argument, the following result due to Bianchi [2], §9, in the classical case:
Theorem 4.12. Let f ; f1; f2; f12 : S! M be isothermic maps in a self-dual symmetric
R-space forming a Bianchi quadrilateral. Let f c be a Christo¤el transform of f .




12 of f1, f2, f12 respectively so that f
c,




12 also form a Bianchi quadrilateral.
4.5. Discrete isothermic surfaces in self-dual symmetric R-spaces. It is an experi-
mental fact [6], [7] (with some theoretical underpinning [4]) that the combinatorics of the
Ba¨cklund transforms of an integrable system provide an integrable discretisation of that
system. In particular, such an analysis is available for isothermic surfaces in the conformal
sphere [6], [37].
We now indicate how the same ideas may be applied to give a satisfying theory
of discrete isothermic nets in self-dual symmetric R-spaces which replicates essentially all
features of the smooth theory we have been developing.
For this we begin with a subset WHZ2 of a 2-dimensional lattice. If i; j; k; l A W are
the vertices of an elementary quadrilateral as in Figure 3, we denote the oriented edge from
i to j by ð j; iÞ and the quadrilateral by ði; j; k; lÞ.
Thanks to the discussion in §4.1, Hertrich-Jeromin’s deﬁnition of an isothermic net in
the conformal sphere [37] carries straight over into our setting.
Figure 3. An elementary quadrilateral.
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Deﬁnition 4.13. Let f : W! M be a map into a self-dual symmetric R-space.
We say that f is an isothermic net if, for each elementary quadrilateral ði; j; k; lÞ, the
values f ðiÞ, f ð jÞ, f ðkÞ, f ðlÞ are concircular and pairwise complementary with
cr

f ðiÞ; f ð jÞ; f ðkÞ; f ðlÞ ¼ mði; lÞ=mði; jÞ;
for some factorising function m which is a real valued function on the unoriented edges of W
with equal values on opposite edges10).
Just as in the smooth case, isothermic nets have a zero-curvature representation: let
ð f ;mÞ be such a net and let V ¼ W g be the trivial g-bundle. For each oriented edge
ð j; iÞ and t A R, deﬁne Gtð j; iÞ : Vi ! Vj by






It is immediate that G0ð j; iÞ ¼ 1 while G tð j; iÞG tði; jÞ ¼ 1Vð jÞ, so that each G t is (the holon-
omy of) a discrete connection on the bundle V . A mild reorganisation of the discussion
leading to the proof of Theorem 4.8 now gives:
Theorem 4.14. ð f ;mÞ is an isothermic net if and only if each G t is a ﬂat connection:
that is, on each elementary quadrilateral ði; j; k; lÞ, we have
G tðk; jÞG tð j; iÞ ¼ G tðk; lÞG tðl; iÞ:
(See [5], [15] for this gauge-theoretic approach to isothermic nets in the conformal
case.)
With this in hand, the transformation theory of isothermic nets can be developed
along the same lines as the smooth case. Firstly, T-transforms arise by trivialising the fam-
ily of connections G t: locally we may ﬁnd Ft : W! AutðgÞ, unique up to left multiplication
by constants in AutðgÞ, such that
G tð j; iÞ ¼ Ftð jÞ1FtðiÞ
and then deﬁne the T-transforms Ts f of f by Ts f ¼ Fs f . One can show:
Theorem 4.15. Let ð f ;mÞ be an isothermic net. Then each T-transform Ts f is an
isothermic net with factorising function m s.
Indeed, an easy calculation shows that the connection sG t associated to ðTs f ;m sÞ
is the gauge transform11) by Fs of G
tþs and so is ﬂat.
10) Thus mði; jÞ ¼ mð j; iÞ for all edges and mði; jÞ ¼ mðl; kÞ, mði; lÞ ¼ mð j; kÞ on elementary quadrilat-
erals.
11) Thus sG tð j; iÞ ¼ Fsð jÞG tþsð j; iÞFsðiÞ1, for all edges ð j; iÞ.
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Again, Darboux transforms amount to parallel bundles of parabolic subalgebras: a
map f^ : W! M is a Darboux transform of f with parameter m^ A R if f^ is Gm^-parallel.
Thus, for all edges ði; jÞ,
Gm^ð j; iÞ f^ ðiÞ ¼ f^ ð jÞ:
It follows from the deﬁnition that, for each edge ð j; iÞ, the points f ðiÞ, f ð jÞ, f^ ð jÞ, f^ ðiÞ are
concircular with cross-ratio m^=mði; jÞ and then Lemma 4.7 applies to show that the connec-






Theorem 4.16. f^ is isothermic with the same factorising function m.
Moreover, the argument of Theorem 4.9 now gives






so that f^ ðiÞ, f ð jÞ, f^ ðkÞ, f ðlÞ are concircular with
cr

f^ ðiÞ; f ð jÞ; f^ ðkÞ; f ðlÞ ¼ 1 m^=mði; jÞ
1 m^=mði; lÞ :
In particular, f^ ðkÞ depends only on f^ ðiÞ, f ð jÞ and f ðlÞ which is the tetrahedron property of
Bobenko–Suris [5].
One can go further and construct Christo¤el transforms via blow-ups of Darboux
transforms or (with a little more work) via stereoprojections and then see that all our per-
mutability theorems relating these transforms hold in the discrete setting (with essentially
the same proofs). However, all this would take us too far aﬁeld for the present. We may
return to these topics elsewhere.
5. Curved ﬂats and Darboux pairs
The main result of [16] asserts that Darboux pairs of isothermic surfaces in S3 are
precisely the curved ﬂats in the symmetric space of point-pairs S3  S3nD. This was ex-
tended in [13] to isothermic surfaces in Sn where the dressing transformation of curved ﬂats
was related to Darboux transforms of Christo¤el pairs.
We now show that this circle of ideas carries through in our general context of
isothermic maps to symmetric R-spaces. We begin by rehearsing the relevant details of the
theory of curved ﬂats.
5.1. Curved ﬂats and their transformations. Let N be a symmetric G-space12):
thus each x A N has stabiliser Hx open in the ﬁxed set of an involution tx A AutðGÞ. The
12) We retain our standing assumption that G is the adjoint group of g but much of the theory of curved
ﬂats carries through without it.
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derivative of tx, also called tx A AutðgÞ, has eigenvalues G1 with eigenspaces hx, mx
where hx is the Lie algebra of Hx and TxNGmx via the solder form b
N
x .
Deﬁnition 5.1 ([30]). A curved ﬂat in a symmetric space N is a map f : S! N such
that each fbNðTpSÞ is an abelian subalgebra of mfðpÞ, p A S.
Curved ﬂats have a gauge-theoretic formulation that will be basic for us. Let
f : S! N be a map and contemplate the section t of AutðgÞ given by tðpÞ ¼ tfðpÞ. There
is a corresponding eigenbundle decomposition g ¼ f1hl f1m with f1mG f1TN and
thus a decomposition of the ﬂat connection d:
d ¼ DþNð5:1Þ
where Dt ¼ 0 while N A W1Sðf1mÞ (explicitly, N ¼ 
1
2
t dt). From §2.5, we have
N ¼ fbN so the curved ﬂat condition is precisely
½N5N ¼ 0:
On the other hand, the ﬂatness of d yields
0 ¼ Rd ¼ RD þ dDNþ 1
2
½N5N;
the f1h- and f1m-components of which are, respectively, the Gauss and Codazzi equa-
tions of the situation:





Proposition 5.2. For a map f : S! N, the following are equivalent:
(1) f is a curved ﬂat.
(2) D is a ﬂat connection.
(3) ½N5N ¼ 0.
5.1.1. Zero curvature representation and spectral deformation. Curved ﬂats comprise
an integrable system which, in the case where each fbNðTpSÞ is maximal abelian semisim-
ple, is gauge-equivalent to the ‘‘G=H-system’’ introduced by Terng [11], [54]. At the root of
all this is the observation that, just like isothermic maps, curved ﬂats are characterised by
the ﬂatness of a pencil of connections. Indeed, for u A R, deﬁne G-connections du on g by
du ¼ Dþ uN;ð5:3Þ
so that, in particular, d0 ¼ D and d1 ¼ d.
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Proposition 5.3 (cf. [30]). f : S! N is a curved ﬂat if and only if du is ﬂat for all
u A R.
Proof. The coe‰cients of u in Rd
u
are RD, dDN and
1
2
½N5N of which dDN
vanishes automatically from the Codazzi equation (5.2b) while, by Proposition 5.2, the
others vanish exactly if f is a curved ﬂat. r
We may now argue as in §3.3 to see that curved ﬂats come in 1-parameter families:
for u A R, we can trivialise du: locally we can ﬁnd gauge transformations Cu, unique up to
left multiplication by a constant element of G, with Cu  du ¼ d. We have:
Proposition 5.4. fu :¼ Cuf : domðCuÞHS! N is a curved ﬂat.
Moreover, for u; v A R, ðfuÞv ¼ fuv modulo the action of G.
Proof. We have Cuðf1hÞ ¼ f1u h, Cuðf1mÞ ¼ f1u m so that in the decomposition
of d with respect to g ¼ f1u hl f1u m:
d ¼ Du þNu:
We have Du ¼ Cu D,Nu ¼ CuN and thus Cu  ðDþ uvNÞ ¼ Du þ vNu. In particular,
Du þ vNu is ﬂat for all v A R so that fu is a curved ﬂat by Proposition 5.3.
Further, with Cuv  ðDu þ vNuÞ ¼ d, we have Cuv ¼ CuvCu whence fuv ¼ ðfuÞv, up to
the action of G. r
We call ffu : u A Rg the associated family or spectral deformation of f. We note that
f0 is constant.
5.1.2. Dressing transformations. There is another class of transformations of curved
ﬂats which shares some of the structure of the Darboux transformations discussed above in
that the initial data is a parallel bundle of height one parabolic subalgebras with respect to
a certain connection. However, for curved ﬂats, the construction of the new curved ﬂat
from this data is somewhat more elaborate.
We begin with a curved ﬂat f : S! N with associated ﬁeld of involutions
t A GAutðgÞ and pencil of ﬂat connections du, u A R. We extend the deﬁnition of du by tak-
ing u A C to get a holomorphic pencil of GC-connections on gC. We observe that this pencil
is uniquely characterised by the following properties:
(1) u ! du is holomorphic on C with a simple pole at y.
(2) t  du  t1 ¼ du, for u A C.
(3) du ¼ du, for u A C.
(4) d1 ¼ d.
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Now let w A CnfG1g with w2 A R and suppose we are given a bundle of height one
parabolic subalgebras re gC with the following properties:
(a) r is dw-parallel.
(b) r and tr are complementary.
(c) r ¼ r if w A R and r ¼ tr if w A iR.
Remark 5.5. The local existence of such r is a point-wise a¤air: given a height one
parabolic subalgebra r0e g and p A S with r0, tðpÞr0 complementary and satisfying condi-
tion (c), one can deﬁne r by parallel transport since du is ﬂat and preserves condition (c).
However, the existence of such an r0 imposes strong restrictions on the symmetric space N.
We have already noted that the existence of any height one parabolic subalgebra r0e gC
excludes g ¼ g2, f4 or e8 and conditions (b) and (c) further restrict the possibilities for tðpÞ.
Thus, for example, forN ¼ GkðKnÞ a Grassmannian forK ¼ R;C;H, viewed as a Riemann-
ian symmetric space, such r0 are only available when n ¼ 2k.






and observe that GðuÞ enjoys similar properties to du:
(i) u 7! GðuÞ is holomorphic on CP1 except for simple poles atGw.
(ii) tGðuÞt1 ¼ GðuÞ, for u A C.
(iii) GðuÞ ¼ GðuÞ.
Now contemplate the family of connections
d^u ¼ GðuÞ  du:
We readily check that they share properties (2) and (3) with du and that u ! d^u is holo-
morphic on C except possibly atGw. In fact, the singularities there are removable:
Lemma 5.6. u 7! d^u is holomorphic nearGw.
Proof. We show that u 7! d^u is holomorphic near w and then appeal to the symme-
try u 7! u. Contemplate the eigenbundle decomposition of ad xrtr:
g ¼ r?l ðrX trÞl tr?
and the corresponding decomposition of dw:
dw ¼ D b b^
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with Dxrtr ¼ 0, b A W1ðr?Þ and b^ A W1ðtr?Þ. Since r is dw-parallel and preserved by both D
and b, we conclude that b^ takes values in rX tr? and so vanishes. Thus
du ¼ D bþ ðu wÞN
whence
d^u ¼ GðuÞ D GðuÞbþ ðu wÞGðuÞN
¼ D u w
uþ wbþ ðu wÞGðuÞN;
which last is clearly holomorphic near w. r
Thus u 7! d^u is holomorphic on C and has a simple pole aty, since G is holomorphic
and AutðgÞ-valued there.
Finally, set f^ :¼ Gð1Þ1f : S! N with corresponding ﬁeld of involutions
t^ :¼ Gð1Þ1tGð1Þ
(we assume13), if necessary, that GCXAutðgÞ acts on N). Now u 7! Gð1Þ1  d^u has proper-
ties (1)–(4) of du with t^ replacing t so we conclude that this is the holomorphic pencil of
connections associated with f^. Since these connections are ﬂat, we deduce that f^ is a curved
ﬂat. To summarise:
Proposition 5.7. Let f : S! N be a curved ﬂat and re g a bundle of height one
parabolic subalgebras with properties (a)–(c) above for some w A CnfG1g with w2 A R.






is also a curved ﬂat. We call f^ a dressing transform of f.
5.1.3. Relationship with loop group formalism. This construction is essentially an
invariant14) reformulation of the Terng–Uhlenbeck construction [55] of dressing by simple
factors. We digress to give a brief account of this.
In the loop group formalism, one works with frames of the underlying maps into
homogeneous spaces. In the case at hand, this means we ﬁx a base-point o A N and,
for f : S! N, contemplate maps F : S! G with f ¼ Fo. Given such a frame F , let
a ¼ F 1 dF A W1SðgÞ and write a ¼ aho þ amo for the decomposition of a according to the
decomposition of g into eigenspaces of to:
g ¼ holmo:
13) This assumption is justiﬁed for our applications in §5.2.
14) Thus without the use of frames.
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Viewing F as a gauge transformation, we see that F  ðdþ aÞ ¼ d and that F inter-
twines the decompositions g ¼ holmo and g ¼ ðf1hÞl ðf1mÞ. It follows at once that
F  ðdþ ahoÞ ¼ D and Famo ¼N so that f is a curved ﬂat if and only if ½amo5amo  ¼ 0.
In this case, for u A C, set au ¼ aho þ uamo and note that dþ au ¼ F 1  du and so is
ﬂat. We may therefore integrate, at least locally, to ﬁnd Fu : S! GC with F 1u dFu ¼ au or,
equivalently, Fu  ðdþ auÞ ¼ d. The family fFu : u A Cg constitutes an extended frame of f.
Observe that ðFuF 1Þ  du ¼ d so that Cu ¼ FuF 1 giving
fu ¼ Cuf ¼ Fuo
so that Fu is a frame of the spectral deformation fu.
The philosophy of the loop group formalism is to view the maps Fu as a single map
into a loop group on which there is a (local) action of a second loop group via Birkho¤
factorisation. In the case at hand, let Gþ denote the group (under pointwise multiplica-
tion) of holomorphic maps g : C! GC which are real in that gðuÞ ¼ gðuÞ and twisted in
that togðuÞ ¼ gðuÞ. If the constants of integration are chosen correctly, each u 7! FuðpÞ,
p A S, is an element of Gþ. Now let G be the group of real, twisted rational maps g on
CP1 with values in GC which are holomorphic near y with gðyÞ ¼ 1. It follows from the
Birkho¤ decomposition theorem [52] that a generic real, twisted GC-valued holomorphic
map g on CP1nD, D a divisor, has a unique factorisation
g ¼ gþg
with gG A GG. This leads to a local action of G on Gþ by
gKgþ ¼ ðggþÞþ
which can be shown to preserve the set of extended frames.
In general, the Birkho¤ factorisation is non-local and so di‰cult to compute but the
key observation of Terng and Uhlenbeck [55], [58] is that, for certain basic elements of G,
the simple factors, the factorisation can be carried out explicitly (see [13], §4.3, for a concep-
tual discussion of this). For our setting, we deﬁne the simple factors as follows: let roe gC
be a parabolic subalgebra of height one and w A CnfG1g such that ðr0; toroÞ are a comple-
mentary pair and r ¼ r0, for w A R and r ¼ tor0 otherwise. Our simple factor is now deﬁned




. One can show (see [13], Proposition 4.11, for the case
where g ¼ soðnþ 1; 1Þ and ro is the stabiliser of a null line in ðRnþ1;1ÞC) that here the
Birkho¤ factorisation is given by
Gogþ ¼ g^þG^




and r^ ¼ gþðwÞ1ro. We apply this to the extended frame u 7! Fu
to get a new extended frame F^ u which we evaluate at u ¼ 1 to get a new curved ﬂat f^. Thus
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Now set r ¼ F r^ ¼ FF1w r0 ¼ C1w r0 which is du-parallel since ro is constant so d-parallel.
Then Ftor^ ¼ tr since t ¼ FtoF 1 and we conclude that f^ yielded by the dressing action





5.2. Curved ﬂats in Z are Darboux pairs. We now apply this theory to the case
where the symmetric space is the space ZHM M  of complementary pairs of parabolic
subalgebras in dual symmetric R-spaces M and M .
A map f ¼ ð f ; f^ Þ : S! Z can be viewed as a pair of maps f : S! M, f^ : S! M 
which are pointwise complementary. Our ﬁrst result is that f is a curved ﬂat if and only if f
and f^ are a Darboux pair of isothermic maps. For this, ﬁrst note that the ﬁeld of involu-
tions t along f is given by t ¼ G f^f ð1Þ so that
f1h ¼ f X f^ ; f1m ¼ f ?l f^ ?:
Thus the decomposition (3.5) of d coincides with the decomposition (5.1) yielding









f ð1=uÞ  du ¼ dþmð1 u2Þb=m ¼ ‘^mð1u
2Þ:ð5:5Þ
Thus, if f ¼ ð f ; f^ Þ is a curved ﬂat, each du is ﬂat whence each ‘mð1u2Þ, ‘^mð1u2Þ is
ﬂat so that both ð f ; b^=mÞ and ð f^ ; b=mÞ are isothermic. Clearly f^ is ‘m-parallel while f is
‘^m-parallel and we conclude that they are m-Darboux transforms of each other.15)
Conversely, if ð f ; hÞ is isothermic and f^ ¼ Dm f , we know that h ¼ b^=m so that ﬂat-
ness of ‘ t, for all t, forces ﬂatness of du, for all u3 0 and so, by continuity, ﬂatness of d0
also whence f ¼ ð f ; f^ Þ is a curved ﬂat. We have therefore proved:
Theorem 5.8. A map f ¼ ð f ; f^ Þ : S! Z is a curved ﬂat if and only if f , f^ are a
Darboux pair of isothermic maps.
15) Note that m3 0 may be chosen arbitrarily.
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5.2.1. Spectral deformation is T-transform. It is now straightforward to relate the
spectral deformation of curved ﬂats in Z to T-transforms of the constituent isothermic
maps. Indeed, the spectral deformation of f ¼ ð f ; f^ Þ is given by fu ¼ Cuf where
C  du ¼ d while Tt f ¼ Ft f , Tt f^ ¼ F^t f^ where Ft  ‘ t ¼ d and F^t  ‘^ t ¼ d. It follows at
once from (5.4) and (5.5) that we may take
Cu ¼ Fmð1u2Þ  G f^f ð1=uÞ ¼ F^mð1u2Þ  G f^f ðuÞ:
Since G f^f preserves both f and f^ we conclude:
Theorem 5.9. Let f ; f^ : S! M be isothermic with f^ ¼ Dm f and let
fu ¼ ð fu; f^uÞ : S! Z
be a spectral deformation of the curved ﬂat f ¼ ð f ; f^ Þ. Then, for u3 0,
fu ¼ T mð1u2Þ f ; f^u ¼ T mð1u2Þ f^ :
5.2.2. Dressing pairs of curved ﬂats are Bianchi quadrilaterals. Suppose now that M
is self-dual and recall the discussion of Bianchi permutability in §4.2: given ð f ; hÞ : S! M
isothermic with pointwise complementary Darboux transforms fi ¼ Dmi f , m13m2, there
is a fourth isothermic map f^ given by











such that f^ ¼ Dm1 f2 ¼ Dm2 f1. We claim that the curved ﬂat ð f2; f^ Þ is a dressing transform
of ð f ; f1Þ and that all dressing pairs of curved ﬂats S! ZHM M arise this way.
For this, let f ¼ ð f ; f1Þ : S! Z with t ¼ G f1f ð1Þ the ﬁeld of involutions along f
and du the pencil of ﬂat connections. Choose w A CnfG1g such that m2 ¼ m1ð1 w2Þ
and note that r :¼ G f1f ðwÞ f C2 is dw-parallel if and only if f2 is ‘m2 -parallel since
G
f1
f ðwÞ  ‘m2 ¼ dw by virtue of (5.4). Moreover, Lemma 4.6 tells us that f , f1, f2 are pair-
wise complementary at each point if and only if r, tr are pointwise complementary. Finally,
r ¼ G f1f ðwÞ f C2
so that f C2 ¼ f C2 if and only if r ¼ r or tr according to the sign of w2 since
G
f1
f ðwÞ ¼ tG f1f ðwÞ. Thus f , f1, f2 deﬁne a Bianchi quadrilateral of isothermic maps
if and only if r satisﬁes the conditions to deﬁne a dressing transformation. We now inspect
the e¤ect of that dressing transformation: from Proposition 4.4, we have, for all










f1 ¼ G f1f ðlÞ f2;ð5:7Þ
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since both sides of (5.6) agree at l ¼ 0;Gw while both sides of (5.7) agree at l ¼y;Gw.





ð f ; f1Þ ¼ ð f^ ; f2Þ
as required.
In summary:
Theorem 5.10. Let M be a self-dual symmetric R-space and ZHM M the space of
complementary pairs. Let f ¼ ð f ; f1Þ : S! Z and f^ ¼ ð f^ ; f2Þ : S! Z be Darboux pairs of
isothermic maps with f1 ¼ Dm1 f .
Then f^ is a dressing transform of f with data r : S! MC and w A C if and only if f ,
f1, f2, f^ form a Bianchi quadrilateral. Moreover, in this case, r ¼ G f1f ðwÞ f C2 and f2 ¼ Dm2 f
where m2 ¼ m1ð1 w2Þ.
Remark 5.11. What can be said when M is not self-dual? Darboux pairs of isother-
mic maps are still curved ﬂats and there may still be dressing transformations available
although the r must necessarily take values in a self-dual complex R-space as r and tr
are GC-conjugate (via t). An example of this situation is provided by Darboux pairs of
isothermic maps into Grassmannians f : S! GkðR2nÞ, f1 : S! GnkðR2nÞ, k < n, with
r : S! GnðC2nÞ. In such a case, the dressing transformation will provide a new Darboux
pair but its relation with the original pair requires further investigation. We may return to
this elsewhere.
6. Nondegenerate isothermic submanifolds
6.1. A quadratic form. Let ð f ; hÞ : S! M be an isothermic map to a symmetric
R-space. Recall from §3.1 that we may view h as an f 1T M-valued 1-form and so deﬁne
a 2-tensor qf on S by contracting h with df : qf ðX ;YÞ ¼ hX ðdfY Þ. We are about to see that
qf is symmetric and so we call it the quadratic form associated to ð f ; hÞ.
This quadratic form is invariant under all the transformations of isothermic maps we
have discussed:
Proposition 6.1. Let ð f ; hÞ : S! M be an isothermic map with associated quadratic
form q. Then:
(1) q is symmetric.
(2) Any Christo¤el, Darboux or T-transform of ð f ; hÞ also has associated quadratic
form q.




where gZ is the (neutral signature) metric on Z induced by the Killing form.
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Proof. To get a convenient formulation of q, we pull back the soldering isomor-
phism of §2.5 to view df as a 1-form with values in g=f so that q ¼ ðh; df Þ.
Now equation (2.3) pulls back to give
ds1 ½df ; s mod f ;
for all s A Gf , and, since the ﬁbres of f are self-normalising, df is uniquely characterised by
this property.
With this in hand, let f^ ¼ Dm f be a Darboux transform of f and recall the decom-
position g ¼ f ?l ð f X f^ Þl f^ ? into eigenbundles of x f^f with the accompanying decompo-
sition of connections (3.5):
d ¼ D b  b^:
We see immediately that
mh^ ¼ b1 df mod f ; mh ¼ b^1 df^ mod f^ ;
so that qðX ;YÞ ¼ 1
m
ðb^X ; bY Þ ¼ qf^ ðY ;XÞ.
On the other hand, the f X f^ -component of dh is ½b5h so that ½b5b^ vanishes and
we have
qðX ;YÞ ¼ ð½x f^f ; b^X ; bY Þ ¼ ðx f^f ; ½b^X ; bY Þ
¼ ðx f^f ; ½b^Y ; bX Þ ¼ qðY ;X Þ:
This settles the symmetry of q and yields q ¼ qf^ also. Moreover, with f ¼ ð f ; f^ Þ : S! Z,
we have
fgZ ¼ ðN;NÞ;
whereN ¼ b  b^ is the pull-back by f of the solder form of Z from which assertion (3)
follows.
It remains to treat Christo¤el and T-transforms of f . For the ﬁrst of these, let ð f c; hcÞ
be a Christo¤el transform of ð f ; hÞ with respect to ðp0; pyÞ with corresponding stereopro-
jections F , F c. Thus f ¼ expFp0 and h ¼ expF dF c. By writing s A Gf as s ¼ expFs for
s : S! p0 and di¤erentiating, one readily checks that
dF ¼ expF dF1 df mod f
so that qðX ;YÞ ¼ ðdF cX ; dFY Þ ¼ qf cðY ;X Þ. We therefore deduce from the symmetry of q
that q ¼ qf c .
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Finally let ð ft; htÞ ¼ ðFt f ;FthÞ be a T-transform of ð f ; hÞ where Ft  ðdþ thÞ ¼ d.
We observe that, for s A Gf ,
ðdþ thÞs1 ds mod f
from which it follows that dft ¼ Ft df and thus, since Ft is isometric for the Killing form,
q ¼ qft . r
6.2. Nondegenerate isothermic submanifolds.
Deﬁnition 6.2. We say that an isothermic map ð f ; hÞ is nondegenerate if its associ-
ated quadratic form qf is nondegenerate.
Clearly, in this case f immerses so that ð f ; hÞ is an isothermic submanifold and we
note from Proposition 6.1(2) that all transforms of ð f ; hÞ are nondegenerate also.
Remark 6.3. For the classical case of isothermic surfaces in Sn, q is, in fact, a holo-
morphic quadratic di¤erential (see, for example, [13], Lemma 2.1) and so is nondegenerate
o¤ a divisor.
6.2.1. Dimension bounds. The dimension of a nondegenerate isothermic submani-
fold of a symmetric R-space M is bounded by the rank of the associated symmetric space
ZHM M  of complementary pairs.
To recall what is involved in this, we begin with a (not necessarily Riemannian) sym-
metric G-space N and the associated symmetric decomposition
g ¼ hxlmx;
for some x A N. A Cartan subspace of mx is a maximal abelian subspace a of mx all of
whose elements are semisimple. It is known that there are a ﬁnite number of AdHx conju-
gacy classes of these [49], Theorem 3, and they all have the same dimension [31], page 14:
this is the rank of N.
With this understood, we have:
Theorem 6.4. Let ð f ; hÞ : S! M be a nondegenerate isothermic submanifold and
ZHM M  the symmetric space of complementary pairs. Then
dimSe rankZ:ð6:1Þ
To prove this, let f^ ¼ Dm f be a Darboux transform of f and contemplate the curved
ﬂat f ¼ ð f ; f^ Þ : S! Z. From Proposition 6.1(3), qf coincides up to scale with the metric
induced by f so that each fbZðTpSÞ is an abelian subspace of mfðpÞ on which the Killing
form of g is nondegenerate. Our result therefore follows from:
Proposition 6.5. Let UHmx, x A Z be an abelian subspace on which the Killing form
of g is nondegenerate. Then dimUe rankZ and equality holds if and only if U is a Cartan
subspace of mx.
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Proof. Let WHmx be a maximal abelian subspace of mx containing U . We argue
as in Carleson–Toledo [22], Lemma 4.2: recall that any X A g has a unique Jordan decom-
position X ¼ Xs þ Xn with ½Xs;Xn ¼ 0, adXs semisimple and adXn nilpotent. Moreover,
both adXs; adXn are polynomials without constant term in adX . The uniqueness of the
decomposition yields Xs;Xn A mx whenever X A mx while it follows from the maximal
abelian property of W , that, for X AW , we have Xs;Xn AW also. Thus, we may write
W ¼ WslWn whereWs,Wn consist respectively of the elements ofW which are semisim-
ple, respectively, nilpotent (these are linear subspaces of W since the sum of commuting
semisimples is semisimple and similarly for nilpotents). Moreover, for X AWn and Y AW ,
adX  adY is nilpotent so that the Killing inner product ðX ;Y Þ ¼ traceðadX  adY Þ ¼ 0
and we haveWnHW XW?. Thus, since the Killing form is nondegenerate on U , we must
have U XWn ¼ f0g so that dimUe dimWs.
Now choose a maximal toral subspace a of mx with WsH a. Thus a is a (necessarily
abelian) subspace in mx all of whose elements are semisimple and maximal for this last
property. Lepowsky–McCollum [45], Corollary to Theorem 5.2, prove that a is then maxi-
mal abelian also and so a Cartan subspace of mx. We therefore have
dimUe dimWse dim a ¼ rankZ:
Moreover, in the case of equality, Ws ¼ a is maximal abelian so that Wn ¼ f0g and then
U ¼ a also. r
We can draw a geometric corollary of this development:
Corollary 6.6. Let ð f ; hÞ : S! M be a nondegenerate isothermic submanifold
of maximal dimension: dimS ¼ rankZ. Then the associated quadratic form qf is a ﬂat
pseudo-Riemannian metric on S.
Proof. Let f^ be a Darboux transform of f and again contemplate
f ¼ ð f ; f^ Þ : S! Z:
We know that qf is, up to scale, the metric induced on S by f while Proposition 6.5 tells
us that the soldering image of each dfðTpMÞ is a Cartan subspace. That the metric induced
by f is ﬂat is now a result of Ferus–Pedit [30], Theorem 2 (see also Remark 1 of that
paper). r
Remark 6.7. Corollary 6.6 provides distinguished coordinates on nondegenerate iso-
thermic submanifolds. For isothermic surfaces in Sn, these include the conformal curvature
line coordinates that provided the original deﬁnition of an isothermic surface [9], [24]. It
seems likely that similar coordinates may be available, at least for self-dual M, which are
related to the generalised conformal structure deﬁned on M by Gindikin–Kaneyuki [33].
We may return to this elsewhere.
For g simple, we can readily compute rankZ in terms of more familiar invariants. To
do this, we deﬁne the rank of a symmetric R-spaceM to be the rank ofM when viewed as a
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compact Riemannian symmetric space with isometry group a maximal compact subgroup
K of G. In more detail, the symmetric decomposition of k at p AM is given by
k ¼ ðpX ypX kÞl ðp?l yp?ÞX k;
where y is the Cartan involution ﬁxing k, and the rank of M is the dimension of a maximal
abelian subspace of the second summand.
We now have:
Proposition 6.8. Let g be simple and M be a symmetric R-space for G with
ZHM M  the symmetric space of complementary pairs.
(1) If g is complex so that M is a Hermitian symmetric K-space, then
rankZ ¼ 2 rankM.
(2) Otherwise rankZ ¼ rankMC.
Proof. We begin with g complex so that g ¼ kC with k a compact simple Lie alge-
bra and the corresponding Cartan involution is just complex conjugation across k. At
x ¼ ðp; pÞ A Z, we have mx ¼ p?l p? ¼ ðmxX kÞC. Let a be a Cartan subspace of mx.
Since the Lie bracket on g is complex linear, a is necessarily a complex subspace. Now,
let c be a Cartan subspace of mxX k. Then cC is another Cartan subspace of mx and, by a
theorem of Kostant–Rallis [44], Theorem 1, all such Cartan subspaces are Gx-conjugate
and so have the same dimension. Thus
rankZ ¼ dimR a ¼ 2 dimC a ¼ 2 dimC cC ¼ 2 dimR c ¼ 2 rankM:
Now consider the case where g is not complex. Let ðp; qÞ A Z and aH p?l q? ¼ mðp;qÞ a
Cartan subspace so that rankZ ¼ dim a. Then it is easy to see that aCHmCðp;qÞ ¼ mðpC;qCÞ
is a Cartan subspace at ðpC; qCÞ A ZCHMC  ðMCÞ. Thus, the ﬁrst part of the proposi-
tion applied to MC yields
2 rankZ ¼ dimR aC ¼ rankZC ¼ 2 rankMC;
whence the result. r
The outcome of this analysis is shown in Table 1 in the appendix.
6.2.2. Existence. We now show that the dimension bounds of the last section are
sharp: for any symmetric R-space M, we can ﬁnd a nondegenerate isothermic submanifold
of maximal dimension and so, by applying the transformation theory of §3, inﬁnitely many
such.
For this, let ðp0; pyÞ AM M  be a complementary pair and choose a Cartan sub-
space aH p?0 l p
?
y. Deﬁne F : a ! p?y and F c : a ! p?0 to be the restrictions to a of the
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y, respectively. Then both F , F
c are injective immer-
sions (a has no intersection with either p?0 or p
?
y since all its elements are semisimple). For
any X A THa, we have dFHðX Þ þ dF cHðX Þ ¼ FðXÞ þ F cðX Þ ¼ X so that, since a, p?0 , p?y
are all abelian, we have
½dF5dF c ¼ 0:
Thus ðF ;F cÞ is the stereoprojection of a Christo¤el pair of isothermic submanifolds.
Otherwise said, deﬁne f : a ! M and h A W1að f ?Þ by
f ¼ expðFÞp0; h ¼ expðFÞ dF c
and conclude that ð f ; hÞ is an isothermic submanifold. Moreover, in the proof of Prop-
osition 6.1, we saw that qf ðX ;Y Þ ¼ ðdFX ; dF cY Þ ¼ ðdFY ; dF cX Þ but this last is just ðX ;Y Þ=2
so that qf is nondegenerate.
We can also write down an explicit gauge transformation relating the ﬂat connections
‘ t ¼ dþ th to the trivial connection so that the computation of iterated Darboux and
T-transforms of ð f ; hÞ is a purely algebraic matter. Indeed, ‘ t ¼ expðFÞ  ðdþ dF þ tdF cÞ
and we observe that F þ tF c takes values in a ﬁxed abelian (in fact, Cartan, for t3 0) sub-
space so that
d ¼ expðF þ tF cÞ  ðdþ dF þ t dF cÞ ¼ expðF þ tF cÞ expðFÞ  ‘ t:
To summarise:
Theorem 6.9. Let M be a symmetric R-space, ðp0; pyÞ AM M  be a complemen-
tary pair and aH p?0 l p
?
y a Cartan subspace.
Then ð f ; hÞ : a ! M deﬁned as above is a nondegenerate isothermic submanifold of
maximal dimension with
expðF þ tF cÞ expðFÞ  ðdþ thÞ ¼ d:
6.3. Examples. The main motivating example for our theory is the case when M is
the projectivisation of some real quadric where we recover the rich theory of isothermic
surfaces in conformal spheres of arbitrary signature. We conclude our account by brieﬂy
contemplating what is known for some other classical symmetric R-spaces.
6.3.1. Projective spaces and higher ﬂows. It follows from the results of §6.2.1 that a
nondegenerate isothermic submanifold of RPn is necessarily a curve. Moreover any curve
f in RPn is isothermic with respect to any h A W1ð f 1T RPnÞ. In particular, in sharp con-
trast to the conformal case, h is not uniquely determined by f .
Similarly, a non-degenerate isothermic submanifold of CPn of maximal dimension
is a surface and, in fact, it is not di‰cult to see that it must be a holomorphic curve.
Again, any holomorphic curve f in CPn is isothermic with respect to any holomorphic
h A W1ð f 1T CPnÞ.
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However, even the case n ¼ 1 is not completely banal if we consider the dy-
namics of isothermic curves. For this, contemplate a non-degenerate isothermic curve
ð f ; hÞ : S! RP1, viewed as a line subbundle of a trivial R2-bundle over a 1-manifold S.
The 1-form h determines a coordinate x on S (unique up to sign and translations) for which
qf ¼ dx2: thus, for any c A Gf ,
hðq=qxÞcx ¼ c:
We normalise c so that c5cx is a constant section of
V2
R2. It follows that c5cxx ¼ 0 so
that
cxx ¼ pcð6:2Þ
where p, so deﬁned, is the projective curvature of f .
Following Pinkall [51] (see also [17], [21], [34]) we suppose now that f evolves so that
ft ¼ pfx:ð6:3Þ
Thus we have a map f : S I ! RP1 and we again contemplate the normalised lift





and then cxxt ¼ cxtx yields the KdV equation
pt ¼  pxxx
2
þ 3ppx:ð6:4Þ
Moreover, the converse is true and any solution of (6.4) gives rise, at least locally, to
f : S I ! RP1, unique up to the action of PSLð2;RÞ, solving (6.3).
The key point now is that this ﬂow of isothermic curves commutes with the trans-
formation theory of §§3–4 and so provides symmetries of the KdV equation. For this, we














One readily checks that the connections ‘m are ﬂat for all m A R exactly when (6.4) holds.
In fact, these connections give the AKNS zero-curvature formulation of KdV (see, for
example [32]), albeit in a less familiar gauge.
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Now ﬁx m^ A R and let f^ be a ‘m^-parallel complement to f :
R2SI ¼ f l f^ :
In particular, for each t A I , f^jSftg ¼ Dm^ fjSftg. To analyse f^ , we choose c^ A Gf^ with
c5c^ ¼ c5cx so that
c^ ¼ acþ cx:ð6:5Þ
One computes that f^ is ‘m^-parallel if and only if
a2  ax  m^ ¼ p;ð6:6aÞ
at  pxx
2
þ p2  apx  a2p ¼ m^ð2a2  2m^ pÞ:ð6:6bÞ
We recognise (6.6a) as the Miura transform and from it deduce ﬁrst that c^ is a normalised
section of f^ : c^5c^x ¼ m^c5cx is constant; then that the projective curvature p^ of f^ is
given by
p^ ¼ a2 þ ax  m^ ¼ pþ 2ax:
Moreover, it is not di‰cult to check that
c^x1m^c mod f^ ;
c^t1m^p^c mod f^ ;
so that f^t ¼ p^f^x whence p^ is a new solution of the KdV equation (6.4). Thus f^ also gives
rise to a family ‘^m of ﬂat connections on R2SI and one can verify that the identity of
Theorem 3.10 holds in this extended context:
G
f^
f ð1m=m^Þ  ‘m ¼ ‘m^
and then argue exactly as in §4.2 to establish Bianchi permutability of our extended
Darboux transformations.
Of course, this transformation of KdV solutions is not new: it is the Ba¨cklund trans-
formation discovered by Wahlquist–Estabrook [59] who used precisely the system (6.6).
Following [59], we can eliminate p from (6.6) and arrive at an mKdV equation for a:
at ¼  axxx
2
þ 3ða2  m^Þax:ð6:7Þ
Conversely, any solution a of (6.7) gives rise to a Ba¨cklund pair ðp; p^Þ of KdV solutions.
All this also admits a geometric interpretation: consider the map
f ¼ ð f ; f^ Þ : S I ! Z ¼ RP1  RP1nD
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into the symmetric space of complementary pairs—a space-form with indeﬁnite metric. For






so that the mKdV equation is also an equation on a curvature.
Taken as a whole, f evolves by





for n a positively oriented unit vector ﬁeld orthogonal to fx. This may be viewed as a higher
ﬂow of the curved ﬂat system and any solution has a solving the mKdV equation (6.7).
Conversely, a solution of (6.7) locally determines f solving (6.8) and then solutions ð f ; f^ Þ
of (6.3).
To summarise: the KdV and mKdV ﬂows correspond, via appropriate curvatures, to
ﬂows on isothermic curves and curved ﬂats respectively and then the Miura transform relat-
ing the curvatures amounts to projecting the curved ﬂats onto the isothermic curves.
A similar analysis is available in higher dimensions starting from the observation
that the Davey–Stewartson equations amount to a ﬂow on conformal immersions of a
surface in S4 which preserves the class of isothermic immersions [17]. We shall return to
this elsewhere.
6.3.2. Curved ﬂats in symmetric R-spaces. Recall that if y A AutðgÞ is the Cartan in-
volution of the compact real form K , then we have a K-equivariant inclusion iy : M ! Z
into the associated symmetric space of complementary pairs given by p 7! ðp; ypÞ.
The solder forms of M and Z are related by bM ¼ iybZ so that if f : S! M is a
curved ﬂat in M, where the latter is viewed as a Riemannian symmetric K-space, then
iy  f ¼ ð f ; y f Þ : S! Z is a curved ﬂat. Now Theorem 5.8 applies and we conclude that
f : S! M is isothermic and yf is a Darboux transform of f .
Moreover, it is often the case that the rank of M, qua Riemannian symmetric
K-space, coincides16) with that of Z: rankM ¼ rankZ. In this situation, curved ﬂats of
maximal rank in M are non-degenerate isothermic submanifolds.
Thus we obtain, for example, isothermic submanifolds of the Grassmannian
Gkþ1ðRnþ1Þ from the Gauss maps of isometric immersions of certain k-dimensional space-
forms into Sn [30] and isothermic submanifolds of the Lagrangian Grassmannian LagðR2nÞ
from Egoro¤ nets and the Gauss maps of ﬂat Lagrangian submanifolds in Cn and CPn1
[56].
In fact, it is not even necessary to require that y is a Cartan involution: all that
is needed is to restrict attention to the open subset Wy ¼ fp AM : ðp; ypÞ A Zg, for an
16) Indeed, among the simple symmetric R-spaces, rankM ¼ rankZ for all the non-complex examples ex-
cept the conformal sphere PðLnþ1; 1Þ, the Cayley plane, the quaternionic Grassmannians and the quaternionic
Lagrangian Grassmannian.
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arbitrary involution y A AutðgÞ. For example, the Grassmannians Gk; lðRp;qÞHGkþlðRpþqÞ
of signature ðk; lÞ subspaces of Rp;q are of this kind and the many examples of curved
ﬂats in these Grassmannians [11], [13], [14], [30] are all isothermic submanifolds of the
real Grassmannian GkþlðRpþqÞ.
Appendix A. Summary of simple symmetric R-spaces
Table 1 lists the symmetric R-spaces for simple G. For each such space M, we give
the group G; the realisation of M as a Riemannian symmetric K-space (recall that K is a
maximal compact subgroup of G); the dimension ofM; whetherM is self-dual and rankZ,
the maximal dimension of a nondegenerate isothermic submanifold of M.
M G K-space dimM M ¼ M  rankZ
GpðCpþqÞ SLðpþ q;CÞ SUðpþ qÞ
SUðpÞ  SUðqÞ  S1 2pq p ¼ q 2minðp; qÞ
GpðRpþqÞ SLðpþ qÞ SOðpþ qÞ
SOðpÞ  SOðqÞ  Z2 pq p ¼ q minðp; qÞ
GpðHpþqÞ SUð2pþ 2qÞ Spðpþ qÞ
SpðpÞ  SpðqÞ 4pq p ¼ q 2minðp; qÞ
G?n ðCn;nÞ SUðn; nÞ




PðLCÞ SOðnþ 2;CÞ SOðnþ 2Þ
SOðnÞ  SOð2Þ  Z2 2n yes 4
PðLpþ1;qþ1Þ SOðpþ 1;
qþ 1Þ
SOðpþ 1Þ  SOðqþ 1Þ
SOðpÞ  SOðqÞ  Z2 pþ q yes 2
JGðC2nÞ SOð2n;CÞ SOð2nÞ=UðnÞ nðn 1Þ n even 2bn=2c




nðn 1Þ n even bn=2c
JðH2nÞ SOð4nÞ Uð2nÞ=SpðnÞ nð2n 1Þ yes n
LagðC2nÞ Spðn;CÞ SpðnÞ=UðnÞ nðnþ 1Þ yes 2n
LagðR2nÞ Spðn;RÞ UðnÞ=SOðnÞ 1
2
nðnþ 1Þ yes n
LagðH2nÞ Spðn; nÞ SpðnÞ  SpðnÞ
SpðnÞ ¼ SpðnÞ nð2nþ 1Þ yes 2n
EC6 E6=Spinð10Þ  S1 32 no 4
E6I Spð4Þ=Spð2Þ  Spð2Þ 16 no 2
P2ðOÞ E6IV F4=Spinð9Þ 16 no 2
EC7 E7=E6  S1 54 yes 6
E7V SUð8Þ=Spð4Þ 27 yes 3
E7VII E6  S1=F4 27 yes 3
Table 1. The symmetric R-spaces of simple type.
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